
Anomalous di�usion in quasi-geostrophic owJ. S. Urbach2, E. R. Weeks1, and Harry L. Swinney11 Center for Nonlinear Dynamics and Department of Physics, University of Texasat Austin, Austin, TX 78712, USA2 Department of Physics, Georgetown University, Washington, DC 20057, USAAbstract. We review a series of experimental investigations of anomalous trans-port in quasi-geostrophic ow. Tracer particles are tracked for long periods of time intwo-dimensional ows comprised of chains of vortices generated in a rapidly rotatingannular tank. The tracer particles typically follow chaotic trajectories, alternatelysticking in vortices and ying long distances in the jets surrounding the vortices.Probability distribution functions (PDFs) are measured for the sticking and ighttimes. The ight PDFs are found to be power laws for most time-dependent owswith coherent vortices. In many cases the PDFs have a divergent second moment,indicating the presence of L�evy ights. The variance of an ensemble of particles isfound to vary in time as �2 � t , with  > 1 (superdi�usion). The dependence ofthe variance exponent  on the ight and sticking PDFs is studied and found to beconsistent with calculations based on a continuous time random walk model.1 IntroductionAn ensemble of particles in a non-uniform uid ow will disperse as a conse-quence of the variations in the uid velocity as well as the e�ects of molecu-lar di�usion. In most situations, advection due to uid motion is much fasterthan molecular di�usion, and dominates the transport process. Coherent largescale structures, such as vortices and jets, are frequently present in uid owsand strongly inuence particle motion. A quantitative understanding of thee�ect of coherent structures on transport and mixing in uids is essential toaccurately model such diverse processes as the dispersal of pollutants in theocean and atmosphere, the persistence of the atmospheric ozone hole, andmixing and chemical reactions in stirred uids.Coherent structures typically result in inhomogeneous transport, withparticles mixing well in some regions of the ow but isolated from others.An example of this phenomenon is the maintenance of the ozone hole by thecircumpolar night jet. Similarly, Jupiter's Great Red Spot stays red despitethe extremely turbulent environment because the existence of a stable vortexinhibits turbulent mixing.The presence of coherent structures results in correlations in particle mo-tion that can persist for long distances and/or times. This may result in theinapplicability of the Central Limit Theorem used to derive the equation forthe dispersion of particles in a normal di�usive process, �2 = hx2i � hxi2�t,often resulting instead in anomalous di�usion, �2�t ;  6=1 [1]. The presence



2 J. S. Urbach, E. R. Weeks, and Harry L. Swinneyof anomalous di�usion in the atmosphere was recognized in 1926 by Richard-son [2], who investigated the separation of weather balloons and found insome circumstances �2�t3. (At very long times, transport in uids of �niteextent will necessarily be normally di�usive due to Brownian motion [3]. Inmany realistic ows, however, there are several orders of magnitude betweenthe time scale for mixing due to advection and that due to Brownian motion.)In this paper we review transport studies performed in a two dimensional(2D) ow. The study of 2D ows is of interest in part because its relativesimplicity facilitates comparison between theory and experiment. In addition,most atmospheric and other geophysical ows are often predominantly 2D asa result of the e�ect of planetary rotation or strati�cation, as are some owsof importance in plasma physics from the e�ects of applied magnetic �elds.Finally, the equations of motion for tracer particles in a 2D ow are identicalto Hamilton's equations of motion in phase space for dynamical systems [4],so 2D uid ow provides a unique avenue for investigating Hamiltonian chaos.The experiments described below were performed in a rotating annulusdesigned to match the important dimensionless parameters of large scale geo-physical ows. Rapid rotation ensures a predominantly 2D ow, as predictedby the Taylor-Proudman theorem [5]. A schematic of the annulus is shownin Fig. 1. The annulus is completely �lled with uid. The top and sides aretransparent to allow for illumination and visualization. The ow is forced bypumping uid into and out of the annulus through concentric rings of holesin the base of the annulus. The pumping generates a radial pressure gradientwhich, through the action of the coriolis force, generates an azimuthal jet, co-rotating when the source ring lies outside the sink ring, and counter-rotatingfor the opposite con�guration. The bottom of the annulus has a slope of 0.1,which mimics the dynamical e�ect of planetary curvature on atmosphericows (the beta-e�ect) [5]. A discussion of the design considerations for theannulus can be found in [6].2 Transport at high Reynolds numberExperiments investigating the dynamics of strongly nonlinear geostrophicow are described in Refs. [6-8]. In addition to quantitative studies of thedynamical instabilities, qualitative studies of mixing and transport were per-formed by dye injection. For westward (counter-rotating) jets, large coherentvortices were found to persist in a turbulent background over a wide rangeof ow parameters. Dye injected into the vortices remained inside the vor-tex for long periods of time, while dye injected outside of the vortex mixedrapidly throughout the turbulent ow, but would not signi�cantly penetratethe vortices, even after several minutes (many vortex turnover times).For eastward (co-rotating) jets, a narrow wavy jet was found to exist upto the highest accessible forcing. Dye injected into the jet di�used quicklywithin the jet, and then slowly �lled the region outside of the jet (and, to
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Fig. 1. Schematic of rotating annulus: r1 = 10:8 cm, r2 = 43:2 cm, d = 8:1 cm,and h = 20:3 cm at r2. See text for details. The con�guration of the annulus wasslightly di�erent for the experiments described in section 2 [6], [7], [8].a lesser extent, inside) through a series of tongues generated from the crestsof the traveling wave [6], [8]. Dye injected far from the jet spread uniformlyin the region delimited by the jet, but virtually no cross-jet transport wasobserved, even after 500 rotations of the annulus. This e�ective dynamicalbarrier appears to work in much the same way the southern polar night jetacts as a barrier to transport of ozone from lower latitudes into the polarregion.3 Trajectories in vortex chainsFor less energetic ows, we have performed detailed measurements of indi-vidual particle trajectories in single annular chains of vortices to investigatethe role of chaotic advection in particle transport [9-12]. These experimentswere performed at Reynolds numbers above the initial instabilities in the ax-isymmetric ow that exists at very low forcing, but below any indications ofturbulent ow. At low pumping rates, the vortex chain rotates at a constantrate, producing a periodic signal on a hot �lm velocity probe mounted at a�xed position on the annulus (Fig. 2(a)).



4 J. S. Urbach, E. R. Weeks, and Harry L. Swinney
10

0

10
-2

10
-4

Power Spectra

10
0

10
-2

10
-4

10
0

10
-2

10
-4

10
0

10
-2

10
-4

10
0

10
-2

10
-4

0 0.05 0.10 0.15 0.20 0.25

f (Hz)

10
0

10
-2

10
-4

P(
f)

(c
m

2 /s
)

1.2

1.4

1.6
Velocity Time Series

2.4

3.0

0.3

0.5

1.0

1.4

1.8

3.0

4.0

0 200 400

t (s)

1.0

2.0

V
el

oc
ity

(c
m

/s
)

(a)

(b)

(c)

(d)

(e)

(f)

Fig. 2. Velocity time series and power spectral density P (f) obtained from hot�lm probe measurements of the azimuthal velocity component at r = 35:1 cm: (a)time-independent ow; (b) seven-vortex ow with periodic time dependence in thereference frame co-rotating with the vortex chain (see Fig. 3); (c) six-vortex owwith periodic time dependence in the vortex chain reference frame; (d) �ve-vortexow with chaotic time dependence; (e) four-vortex ow with chaotic time depen-dence (see Fig. 4); (f) weakly turbulent ow (see Fig. 5). These data are taken inthe tank frame of reference, as opposed to the co-moving frame of reference usedfor the particle pictures in this paper.Transport is measured by putting several hundred small (� 1 mm diam-eter), neutrally buoyant tracer particles into the tank. They are illuminatedby light shining through the outer cylinder of the annulus and are viewedthrough a video camera rotating above the experimental set up. Automatedtracking techniques [13] are used to �nd the trajectories of the individualparticles.



Anomalous di�usion in quasi-geostrophic ow 53.1 Flows StudiedAt the forcing rates used in this experiment, a counter-rotating jet is unstableto a chain of four, �ve, six, or seven vortices above the outer ring of holes [14].The instability at the inner shear layer is inhibited by a 6.0 cm tall annularPlexiglas barrier with outer radius of 19.4 cm that is inserted above the innerring of holes (see Fig. 1). (Without the barrier, the ow would be composedof two vortex chains, one above each forcing ring [14].) The vortex chainrotates relative to the tank at approximately half the speed of the azimuthaljet as seen in the annulus frame of reference (typically 4 cm/s). In a referenceframe moving with the vortices, the vortex chain is sandwiched by azimuthaljets going in opposite directions (e.g. Fig. 3).We study transport in ows generated with six di�erent forcing tech-niques, using either water (kinematic viscosity � = 0:009 cm2/s), or a water-glycerol mixture (38% glycerol by weight; a kinematic viscosity � = 0:03cm2/s). The time-dependence of some of the ows are similar, so in this pa-per we label some of the ows by their structure (number of vortices). Thesix ows, listed with the pumping rate, F , tank rotation rate, 
=2�, andworking uid, are:1. Time-independent ow with six vortices (F = 45 cm3/s, 
=2� = 1.5 Hz,water-glycerol). The inner (outer) ring of holes acts as a source (sink)through which uid is pumped into (from) the tank. In the referenceframe co-rotating with the vortex chain, the ow is time-independent(Fig. 2(a)). This ow should not have chaotic mixing; tracers should fol-low closed streamlines.2. Seven-vortex ow with quasi-periodic time dependence (see Fig. 3; F =45 cm3/s, 
=2� = 1.5 Hz, water-glycerol). The parameters for this oware the same as the time-independent ow, but the initial conditions weredi�erent. In the reference frame co-rotating with the vortex chain, thisow is time-periodic; in the reference frame of the tank, the motion ofthe vortices around the annulus results in quasi-periodic time dependence(Fig. 2(b)). This ow is termed \modulated wave ow" in Ref. [11].3. Six-vortex ow with quasi-periodic time dependence (F = 45 cm3/s,
=2� = 1.5 Hz, water-glycerol). This ow is generated with the sametechniques as the time-independent ow, except that the radial forcinghas a non-axisymmetric perturbation. The forcing ow through one 60�sector of source and sink holes is restricted to less than half that for therest of the forcing holes. Thus the vortex chain is perturbed as it movespast this constricted sector, with the period of the perturbation being thetime for a vortex to precess around the annulus (70.0 s). In the referenceframe of the vortex chain, the ow is time-periodic. In the reference frameof the tank, the ow is also time-periodic (Fig. 2(c)), as the perturbationis stationary with respect to the tank. In all other reference frames, theow is quasi-periodic in time. This ow is termed \time-periodic ow" inRefs. [10], [11].
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Fig.3.Theseven-vortexowisrevealedbythetrajectoriesof20particlestracked
for300sinareferenceframeco-rotatingwiththevortices.Inthisreferenceframe,
thevortexchainissandwichedbetweentwoazimuthaljets.Thisowhasperiodic
timedependenceinthisreferenceframe.Theinnerandoutercirclesrepresent
theannulusboundaries,andthegreycircleindicatesthelocationofthePlexiglas
barrier.(FigurefromRef.[11].)
4.Five-vortexowwithchaotictimedependence(F=45cm 3/s,
=2�

=1.5Hz,water-glycerol).Thisowissimilartothesix-vortexow,
exceptthattheuxthroughtheperturbingsectoriscompletelyshut
o�.Therearestillwell-de�nedvorticesinthisow,butthenumberof
vorticesalternatesbetween�veandsixoverlongperiodsoftime.This
owhaschaotictime-dependence,ascanbeseenfromthehot�lmprobe
measurements(Fig.2(d)).ThewordchaoticinthiscasedenotesEulerian
chaos,thatis,achaoticvelocity�eld,asdistinctfromLagrangianchaosof
theparticletrajectories.Thisowistermed\chaoticow"inRefs.[10],
[11].Wedonotactuallyknowthisowischaoticinthesenseofpositive
lyapunovexponents,butthenoiseoorshowninFig.2(d)ishigherthan
thepreviousows,asignatureofchaos.

5.Four-vortexowwithchaotictimedependence(seeFig.4;F=52cm 3/s,

=2�=1.0Hz,water).Ratherthantheinnerandouterforcingrings,
thisowusestheinnerandmiddleforcingrings(r=18:9cmand27:0
cm),toallowthevorticestobelarger,andpreventaninnerjetfrom
forming,ascanbeseeninFig.4.
Atthishighpumpingrate,themotionofthevorticesischaotic,as
showninthevelocitypowerspectrumshowninFig.2(e).Aswiththe
�ve-vortexow,thisisEulerianchaos.Thisowwastermed\chaotic
ow"inRef.[12].(Again,thechaosofthisowhasnotbeenrigorously
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Fig.4.Thefour-vortexowisrevealedbythetrajectoriesof12particlestracked
for100sinareferenceframeco-rotatingwiththevortices.Theinnerandouter
circlesrepresenttheannulusboundaries,andthegreycircleindicatesthelocation
ofthePlexiglasbarrier.(FigurefromRef.[12].)

con�rmed,butthepowerspectrumisreasonableevidenceofthechaosof
theow,asarethequalitativeobservationsofthevortexmotion.)

6.Weaklyturbulentow(seeFig.5;F=45cm 3/s,
=2�=1.5Hz,water).
Thisowwasgeneratedusingaspecialforcingcon�guration.Onlythe
outerringofholeswasused(r=35:1cm).Theringisdividedinto
60 �sectors,alternatingbetweensourcesandsinks.Theresultingow
consistsofvorticesofbothsigns,andtherearenopersistentjetsorother
structures.Notethatthepreviousowsarealllaminar;thisistheonly
velocity�eldthatisturbulent.
Thevelocitypowerspectrumconsistsofbroadbandnoiseandnodomi-
nantspectralcomponents;seeFig.2(f).Thisowistermed\turbulent
ow"inRef.[10]and\weaklyturbulentow"inRef.[11].
TheowsaresummarizedinTable1.

3.2Analysistechniques
Afteratypicalexperimentalrunof4hours,wehavetrackedtypically5-10
trajectorieswithdurationgreaterthan20minutes,30with10-20minutes
duration,andseveralhundredwith2-10minutesduration.Statisticsforthe
longertimesareimprovedbyrepeatingtheexperimentswiththesamecontrol
parameters(butseediscussioninSec.5).

Thetransportisanalyzedasaone-dimensionalprocessintheazimuthal
direction�.Thevarianceiscalculatedbytherelations
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Fig. 5. Two trajectories show the lack of long-lived coherent structures in the weaklyturbulent ow. The beginning and end of one trajectory is marked with circles, theother with squares; both particles start at the far right. The inner and outer circlesrepresent the annulus boundaries, and the grey circle indicates the location of thePlexiglas barrier. The particles are shown in the reference frame of the annulus.(Figure based on Ref. [11].)Table 1. Summary of the ows investigated, with kinematic viscosity �, pump uxF , and dimensionless numbers Ro, Ek, and Re (calculated using U = 3 cm/s asthe typical velocity for all ows). The rotation rate 
=2� = 1:5 Hz for all ows(except the four-vortex ow, where 
=2� = 1:0 Hz). Time dependence listed is inthe reference frame co-rotating with the vortex chain. The pumping con�gurationfor each ow are described in Sec. 3.1.Flow name � (cm2/s) F (cm3/s) Ro� 102 Ek � 106 ReTime-independent 0.03 45 4.0 4.0 400(with six vortices)Seven-vortex 0.03 45 4.0 4.0 400(time-periodic)Six-vortex 0.03 45 4.0 4.0 400(time-periodic)Five-vortex 0.03 45 4.0 4.0 400(Eulerian chaos)Four-vortex 0.009 52 12 2.0 1000(Eulerian chaos)Weakly turbulent 0.009 45 16 1.2 1100



Anomalous di�usion in quasi-geostrophic ow 9�2(t) = h��2(t; �)i � h��(t; �)i2 ; (1)��(t; �) = �(� + t)� �(�) ;where the ensemble average is over � for individual trajectories and over thedi�erent trajectories in the run. This procedure treats each tracer as thoughstarting from the same angle at the same time. Only those trajectories thatdisplay both sticking and ight events are used in the calculation of thevariance. The �rst and last events (sticking or ight) are removed to avoidany biasing. (That is, when a particle is �rst observed, it is in the middle of anevent; we consider the trajectory only after this event has �nished, so that allparticles are considered at the beginning of a ight or sticking event, ratherthan in the middle of an event.) Di�erent analysis techniques were examinedto insure that the results are not strongly dependent on the biasing e�ects.Sticking and ight time probability distribution functions (PDFs) aredetermined from local extrema of �(t); see, e.g., Fig. 8. A ight is identi�edby an angular deviation �� > �vortex (angular width of a single vortex)between successive extrema, and the sticking events are the intervals betweenights. The PDFs are normalized histograms of the durations of these events.Histograms are generated with logarithmic binning, normalized, and plottedon log-log or log-linear scales.The exponents derived from the PDFs are corrected to account for biasestoward shorter sticking/ight times that arise from the �nite duration ofthe measured trajectories. The adjustment is determined by generating long,arti�cial trajectories numerically with known, ideal power law sticking andight time distributions. These long trajectories are then chopped randomlyinto smaller sections with a distribution of durations comparable to those inthe experiment. PDFs determined from these chopped trajectories are alsobiased toward smaller times. The adjustment is determined by comparing thePDFs from the chopped trajectories to the ideal PDFs (both from numericaldata); the exponents characterizing the PDFs for the chopped time series areabout 0.3 larger than for the original long time series. Note that all reportedexponents (e.g. Table 2) are the corrected values; the values measured directlyfrom the PDFs are reported in the captions for each PDF �gure.4 Results4.1 Time-independent ow: no chaotic mixingIdeally, particle trajectories in a time-independent ow fall on closed stream-lines and there is no chaotic advection. While molecular di�usion of the tracerparticles is completely negligible on the time scale of the experiments, slightimperfections due to noise, Ekman pumping, and �nite-size particle e�ectscan have a noticeable e�ect on the trajectories. Such imperfections are in-evitable in an experiment, even when Fourier spectra indicate that the veloc-ity �eld is time-independent, as is the case for the ow in Fig. 6. The imper-



10 J. S. Urbach, E. R. Weeks, and Harry L. Swinneyfections allow tracers to wander between neighboring streamlines, apparently�lling the interior of a vortex; see Fig. 6(a). The imperfections occasionallylead to the escape of a tracer particle near a separatrix, but we �nd thatin practice tracers remain trapped for long periods of time. Trapping timesof 800 s (approximately 40 vortex turnover times) such as the one shown inFig. 6(a) are common. Similarly, tracers that start in a jet remain in the jetfor long times, e.g. Fig. 6(b).
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Fig. 6. (a) and (b) Tracer particle trajectories in the time-independent ow, viewedin a reference frame co-rotating with the vortex chain. (c) The azimuthal displace-ment as a function of time for the particles in (a) and (b); the starting angle �(t = 0)is arbitrary. The inner and outer circles represent the annulus boundaries, and thegrey circle denotes the Plexiglas barrier. (Figure based on Ref. [10].)The azimuthal coordinate �(t) for a particle in a vortex oscillates about aconstant value, while for a particle in a jet with constant velocity, �(t) growslinearly with time, as shown in Fig. 6(c). In the absence of noise, the varianceof a distribution of particles grows as t2 (ballistic separation) [15].4.2 Time-periodic ows: power law ightsChaotic advection is observed in the seven- and six-vortex ows, the two owsthat have periodic time dependence in the reference frame co-rotating with



Anomalous di�usion in quasi-geostrophic ow 11the vortex chain. Particles frequently make transitions to and from vortices,as seen in Fig. 7. Instead of being trapped inde�nitely, particles have stickingevents interspersed with ights in the jet regions.
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Fig. 7. Chaotic particle trajectories in the six-vortex ow (time-periodic in thereference frame of the vortex chain). Long sticking events can be seen in each case,and ights of length greater than one rotation about the annulus can be seen in(c), (d). Hyperbolic �xed points, near which the particle motion is particularlysusceptible to transitions between ights and sticking events, are evident in allof the trajectories. The particle motion is viewed from a reference frame that isco-rotating with the vortex chain, and the beginning of each trajectory is markedby a triangle, the end by a circle. (Note that this is incorrectly labeled in Ref. [10], ascan be seen by comparing Fig. 6(a) and Fig. 7(a) in that article. It is also incorrectlylabeled in Ref. [9]; compare Fig. 1(b) and Fig. 2(b).) These trajectories are from thesix-vortex ow, but are typical in appearance for the seven-vortex and �ve-vortexows. (Figure based on Ref. [10].)This intermittent sticking/ight behavior is apparent in plots of �(t), asshown in Fig. 8. The observed sticking times and ight times range from�10 s to �600 s. The lower boundary of �10 s is half a vortex turnover time.(The vortex turnover time, measured by doubling the average time betweensuccessive reversals for particles in a vortex, is �23 s. The �ve-vortex andsix-vortex ows have similar vortex turnover times, �20 s.)In Fig. 8 it can be seen that the slopes of the ight segments are approx-imately constant, indicating that the azimuthal velocity, ! = d�=dt, remainssteady during the ights, except when the tracer passes near a hyperbolicpoint, where both ! and the radial component of velocity can decrease nearlyto zero. Some asymmetry is observed in the ight speed and the relative prob-
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(a)Fig. 8. Azimuthal displacement �(t) as a function of time for the particle trajec-tories in Fig. 7. The oscillations of the tracer particle trajectories correspond tomotion around a vortex, and the diagonal lines correspond to ights. The startingangle �(t = 0) is arbitrary. These trajectories are from the six-vortex ow, butare typical in appearance for the seven-vortex and �ve-vortex ows. (Figure fromRef. [10].)ability of clockwise and counter-clockwise ights, but the PDF exponents ap-pear to be the same. A numerical simulation designed to approximate theseows showed signi�cant asymmetry [16].To �nd the PDFs for the ight and sticking events, the trajectories of 1300particles were analyzed for the seven-vortex ow, and 1700 particles for thesix-vortex ow. The cleanest data (of all six ows) were obtained for the quasi-periodic seven-vortex ow, and the results are shown in Fig. 9. The ight PDFshows clear power law decay, PF (t) � t�� with � = 3:2� 0:2. The PDFs forights in the +� and �� directions were compared and found to have similardecay exponents. The sticking PDF has a curvature indicating asymptoticbehavior steeper than a power law (but does not appear exponential).The fact that the velocity of the ights are approximately constant, andthat the PDF show power law behavior suggests that the results of of thecontinuous time random walk model (CTRW) developed in Refs. [12], [17],[18] are applicable to this system. The results relevant for this work aresummarized in �gure 10, which shows the predicted variance exponent  asa function of the exponents � and � of the ight and sticking PDFs, for bothsymmetric and asymmetric random walks. For a detailed discussion of themodel, see Ref. [12].Since � > 3 for this ow, the Central Limit Theorem predicts normaldi�usion (�2(t) � t with  = 1). We compute the variance as discussed in
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Anomalous di�usion in quasi-geostrophic ow 15Ess�een theorem predicts that the time for a (symmetric) random walk toreach normally di�usive behavior scales as [20], [21]t � � hjlj3ihl2i3=2�2 ; (2)where the moments are for the ight length PDF. For the seven-vortex ow,however, the third moment is in�nite, since � < 4. From Ref. [12], the �rsttwo exponents in an asymptotic expansion for the variance at long time,�2(t) � Ct +C 0t0 are  = 1 and 0 = 0 for � > 4, so that only the leadingterm grows with time. For 3 < � < 4, however,  = 1 and 0 = 4 � �, thusthe second order term also grows with time, and a very slow convergence isexpected.
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(c)

Fig. 14. Chaotic particle trajectories in the four-vortex ow (chaotic time depen-dence). Nearly all of the ight behavior is in the outer jet; a brief ight in the insidecan be seen in (a). The chaotic motion of the four vortices can be seen in (b), wherethe particle spends most of its time in the same vortex which moves erratically. Thebeginning of each trajectory is marked by a circle, the end by a triangle. (Figurefrom Ref. [12].)
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Fig. 15. Angular displacement �(t) as a function of time for the trajectories shownin Fig. 14. Diagonal lines indicate ights, while the small oscillations correspond toparticle motion within a vortex. Despite the chaotic motion of the vortices, a cleardistinction can be made between ight behavior and sticking behavior. (Figure fromRef. [12].)one vortex to an adjacent vortex; these hops take less than 40 s, and do notcontribute to the long-time statistics.To compile the ight and sticking PDFs, 1100 particles were examinedfor the �ve-vortex ow and 210 particles were examined for the four-vortexow. (It was very di�cult to track particles for long times for the four-vortexow; particles disappeared from the visible area rapidly.)The ight and sticking PDFs for the �ve-vortex ow are shown in Fig. 16.Neither PDF shows power law decay, nor do they show convincing exponentialdecay. Note that this interpretation is di�erent from that given in Ref. [10].
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Fig. 16. (a,c) ight and (b,d) sticking probability distribution functions, shownon (a,b) log-log axes and (c,d) log-linear axes, for the �ve-vortex ow. The errorbars show the statistical uncertainty (pN). The ight PDF appears to decay fasterthan a power law; the line drawn for comparison has a slope of -2.2, and is a leastsquares �t to the data for t > 30 s. The sticking PDF does not show a clear powerlaw decay nor an exponential decay, although the data in (d) look roughly linear;a least squares �t line is shown. Note that these PDFs are slightly di�erent fromthose shown in Ref. [10] due to the improvement in binning technique (Sec. 3.2).(Figure based on Ref. [10].)As discussed in Sec. 4.2, this is presumably due to an improvement in theanalysis technique.Given the uncertainty of the decay rate of the ight and sticking PDFs,comparison with the results of the CTRW model is di�cult. The most rea-sonable interpretation of Fig. 16 would be � ! 1, � ! 1, yielding  = 1by the Central Limit Theorem. The growth of the variance measured fromthe experiment is shown in Fig. 17, and shows superdi�usive growth with = 1:55� 0:15.
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Fig. 17. Variance �2(t) for the ensemble of tracer particles for the �ve-vortex ow(solid line). The slope, shown in the inset, indicates that the variance grows su-perdi�usively with  = 1:55 � 0:15. (Figure based on Ref. [10].)The PDFs for the four-vortex ow are shown in Fig. 18. This is the onlyow for which both ight and sticking PDFs show power law decay. The decayexponents, adjusted for �nite trajectory duration, are � = 2:0 � 0:2 (ight)and � = 1:3�0:2 (sticking). (This implies an in�nite mean residence time forparticles in a vortex, which would violate the incompressibility condition [22].The PDF presumably falls o� at longer times not accessible experimentally.)It is remarkable that these PDFs have a power law form despite the presenceof Eulerian chaos. Although the vortices are moving erratically with respectto each other, particle motion still displays the e�ects of long-time correla-tions. The model of Refs. [22], [23] exhibits power law ight PDFs for chaoticvortex motion because the outer boundary of the annulus plays the role ofan invariant surface.The behavior of the variance at long times for the four-vortex ow canbe analyzed with the CTRW. Taking � = 1:3 and � = 2:0, the varianceshould grow as t with  = 2 + � � � � 1:3. The experimentally determinedvariance for this ow is shown in Fig. 19. It is di�cult to track particles forlong enough times in this ow to gather the statistics necessary to determinethe variance accurately; hence quantitative comparison with the results ofthe CTRW is di�cult. However, the behavior appears superdi�usive with anexponent  between 1.5 and 2.0. At longer times, the exponent drops below1.5, and the prediction is in the limit t ! 1, so the experimental resultsappear consistent with the calculation.The failure of the variance to reach its asymptotic behavior despite thelarge number of long time trajectories can be understood from an analysisof crossover times in the CTRW model. The time necessary to approachthe asymptotic state can be calculated by retaining lower order terms in theexpansion for � (see Ref. [12] for details). Using the values of � = 1:9; � = 1:3,and cuto� times tF = 22 s, tS = 10 s, yields � � 0:055t1:4 � 0:10t1:1. A plotof this function on a log-log scale does not reach a slope of 1.5 until 400 s,
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Fig. 18. Four-vortex ow: (a,c) ight and (b,d) sticking probability distributionfunctions, shown on (a,b) log-log axes and (c,d) log-linear axes. The error barsshow the statistical uncertainty (pN). The ight PDF decays as a power law,PF (t) � t��, with � = 2:0 � 0:2. The sticking PDF also appears to decay as apower law, with a decay exponent of � = 1:3� 0:2. The error bars for these PDFsare much larger than for Figs. 9, 12, and 16 as this ow had much less data. (Theuncorrected value of � is 2:3 � 0:2, � is 1:4 � 0:2; see Sec. 3.2 for details of thecorrection.)and our data only extend to �500 s. This slow convergence to asymptoticbehavior is a generic feature of L�evy processes and complicates analysis inmany experimental situations and numerical simulations (see discussion inSec. 5).Figure 20 shows that the mean particle position hxi for the four-vortexow grows approximately linearly with time for most of the range. For longertimes, hxi appears to start growing faster than linearly in time. For timesless than a vortex turnover time, linear growth is expected, as all particlesare moving with constant velocity (whether in a vortex or in the jet). Forlonger times, the model of Ref. [12] predicts (for � = 2:0 and � = 1:3) that
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Fig. 19. Variance �2(t) for the ensemble of tracer particles for the four-vortexow (solid line). The slope, shown in the inset, indicates that the variance growssuperdi�usively. (Figure based on Ref. [12].)
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Fig. 21. Angular displacement �(t) as a function of time for the trajectories shownin Fig. 5. The upper trace is for the particle marked with circles. (Figure fromRef. [11].)in contrast to the power law PDFs observed for ights in the time-periodicand chaotic regimes.
0 10 20 30 40 50 60 70

t (s)

10
-3

10
-2

10
-1

P(t)

Fig. 22. Probability distribution for azimuthal displacement in the turbulent ow.The distribution is exponential with a decay time of 15.2 s. (Figure from Ref. [10].)The slope  of a log-log plot of the variance �2(t) (Fig. 23) drops steadilyfrom 2 and appears to approach the value expected for normal di�usion( = 1) at long times; however, we cannot follow particles for long enoughtimes to unambiguously determine the asymptotic behavior. This result isconsistent with the Central Limit Theorem, which predicts  = 1 for anexponentially decaying ight PDF. This also agrees with a result derived in1921 by Taylor [19]. Taylor showed that for very short time scales, a turbulentow should have ballistic mixing (�2(t) � t2). This ballistic behavior lastsuntil particle motions become uncorrelated; for our weakly turbulent ow,this time scale appears to be about 6 s.
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Fig. 23. Variance �2(t) for the ensemble of tracer particles for the weakly turbulentow (solid line). The slope, shown in the inset, suggests the long term behavior maybe normally di�usive. (Figure based on Ref. [10].)A di�usion coe�cient can be found for the turbulent ow by �tting thevariance data, yielding D = 0:010� 0:003 rad2/s. The data was �t for t > 10s and for t > 100 s, both giving a similar value. By using r = 30 cm as the ap-proximate radial position of the particles, the di�usion coe�cient can be writ-ten as De� = 9 cm2/s. For particles di�using purely due to Brownian motion,the Einstein relation for the di�usion coe�cient is DBrownian = RT=6��aNwith R the universal gas constant, � the dynamic viscosity, a the particleradius, and N Avagadro's number [24]. For our tracer particles this formulayields D = 4:4� 10�12, a factor of 1012 smaller that the measured di�usioncoe�cient.5 DiscussionWe have found superdi�usion in a variety of ows. The data from the sixregimes are summarized in Table 2. Except for the �ve-vortex ow, all exper-iments with jets had power law ight behavior. The variance grows super-di�usively for all ows with nontrivial time dependence, except the weaklyturbulent ow which appears to approach normal di�usion for very longtimes, as expected.Precise veri�cation of the CTRW model is not possible given the exper-imental limitations. The predictions shown in Fig. 10 for the variance areonly correct as t!1; for �nite t, the variance is composed of several terms.Competition between these terms controls the approach to the asymptoticbehavior. These higher order terms can cause the variance to grow faster thanits asymptotic growth ( to appear larger at short times).There are several reasons that particles are not observable for long peri-ods of time. The most signi�cant reason is probably Ekman pumping [5], aboundary layer e�ect that results in weak ows that are not perpendicular tothe axis of rotation. Particles are illuminated only in a narrow horizontal re-



Anomalous di�usion in quasi-geostrophic ow 25Table 2. Exponents � and � characterizing the power law decay of probability dis-tribution functions for the sticking and ight times, respectively, and the exponent for the power law time dependence of the variance of the azimuthal displacement(measured and predicted). A | entry indicates the exponent is unde�ned.Flow name � � expt theoryTime-independent | | 2 2(with six vortices)Seven-vortex 3:2� 0:2 ? � 1:5 1(time-periodic)Six-vortex 2:5� 0:2 1 1:65 � 0:15 1.5(time-periodic)Five-vortex ? ? 1:55 � 0:15 1?(Eulerian chaos)Four-vortex 2:0� 0:2 1:3 � 0:2 � 1:5 1.3(Eulerian chaos)Weakly turbulent 1 | � 1:2 1gion, and Ekman pumping provides a small vertical velocity which can moveparticles into and out of this illuminated slice. Additionally, particles thatcome too close to the edges of the annulus are lost, although they may betracked as a new particle if the particle returns to the visible region. A �nalconcern is the non-neutral-buoyancy of the particles; centrifugal e�ects couldcause particles to drift out of the illuminated region. If there are any corre-lations linking the particle behavior to their longevity in the visible region,this could further a�ect results. For example, if particles stuck in vorticeshave a faster vertical drift (perhaps due to Ekman pumping which shouldbe stronger in a vortex), then the observations of long-lived particles will bebiased towards ights.Despite these di�culties, the experiments show that power law scalingand L�evy ights are directly observable in uid transport. In addition, thedi�usive process is clearly anomalous for a broad range of times, and is welldescribed the the continuous time random walk model.AcknowledgmentsWe are indebted to Tom Solomon for his role in the initial experiments de-scribed in this paper, and also acknowledge helpful discussions with J. Klafter,M. F. Shlesinger, and G. M. Zaslavsky. This work was supported by the Of-�ce of Naval Research Grant No. N00014-89-J1495. ERW acknowledges thesupport of an ONR Augmentation Award for Science and Engineering Train-ing.
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