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Molecular Size Distribution in Linear Condensation Polymers’ 
RY PAIJL J. FLORY 

Introduction 
All synthetic polymers and most natural ones 

are recognized to be non-homogeneous substances 
consisting of mixtures of chemically similar mole- 
cules which are distributed in size about an aver- 
age, some of them being much smaller and some 
much larger than this average. By various meth- 
ods, more or less approximate estimates of the 
average molecular weights of such materials can 
be made, but as yet information concerning the 
distribution of molecules amongst the various 
sizes is exceedingly meager. An adequate un- 
derstanding of the fundamental nature of poly- 
meric substances requires comprehension of the 
molecular size distributions as well as the em- 
pirical compositions and average molecular 
weights. 

Methods have been developed for the experi- 
mental determination of molecular size distribu- 
tions in polymers by using the Svedberg ultracen- 
trifuge,* but they have so far been applied only to 
a limited extent. Theoretical calculation of the 
molecular size distribution is possible if the ki- 
netic mechanism of the polymerization process is 
sufficiently well understood. Such &lculations 
have been attempted for vinyl polymerizations 
by Cha lmer~ ,~  by Dostal and Mark,* and more re- 
cently by S c h ~ l z . ~  

The present paper offers a theoretical analysis 
of the molecular size distribution in linear conden- 
sation polymers formed by the inter-molecular 
reaction of bifunctional compounds. The poly- 
esters prepared by Carothers and co-workers6 
provide excellent examples of this type of polymer. 
They are of two kinds, those formed from hy- 
droxy acids 

(1) A preliminary account of part of this work was included in a 
paper presented by Dr. Wallace H. Carothers before the Farsday 
Society Symposium, September, 1935 [Trans. F U Y Q ~ Q Y  SOC., 88, 39 
(1936) 1. 

(2) (a) Svedberg, Chem. Rev., 14, 1 (1934). (b) Signer and Gross, 
l i e l o .  Chim. .Acta, 17, 726 (1934). and Signer, Kolldid Z., TO, 24 
(1935), have calculated size distributions for polystyrenes from sedi- 
mentation velocities in the ultracentrifuge. (c) Lansing and Krae- 
mer [THIS JOURNAL, 67, 1369 (1938)I have derived methods for 
calculating a “non-uniformity coefficient” from determination of the 
sedimentation equilibrium distribution of a polymeric material in the 
ultracentrifuge. 

( 3 )  Chalmers, ibid., 86, 912 (1934). 
(4) Dostal and Mark, Z. p h y s i k .  Chem., B19, 299 (1938). 
( 5 )  Schulz, i b i d . ,  BSO, 379 (1935). 
(6) Cnrothers, Chem. Rev. ,  8, 359-08 (1931). 

-H*O 
HO-R-COOH --+ H(0-R-CO),OH 

and those formed from glycols and dibasic acids 
- H20 

HO-R-OH + HOCO-R’-COOH ---+ 
H( O-R-O-- CO-R ’-CO).OH 

In general, polymerizations7 of the first type 

(i) 
above may be formulated as 

x A-B + A-B (A-B),-,A---B 

where A and B represent functional groups and 
AB, or BA, the product of their reaction with one 
another. A simple molecule such as water may 
or may not be released in this process. If, as in 
the second example above, there are two kinds of 
reactants, A-A and B-B, three varieties of 
molecules may be formed in the polymeric mix- 
ture, viz.,  

(iia) If x ,  the total number of reactant mole- 
cules combined in the polymer molecule, is an 
even integer 
x / Z  A-A f x / Z  B-B + 

A-A (B-BA--A)(, --2)/2B-R 

(iib) If x is odd, either 
( X f l  ) A - A + ( ~ ’ ) B - B -  

(x+l) A-A + (’+)B-B + 
B-BA-A( B-BA-A)(, -s)/*B--B 

Another case which might be considered is that in 
which the functional groups are all alike, but this 
may be taken as a special case of (i) in which A = 
B. 

It is characteristic of all of these polymeriza- 
tions that they involve the coupling of two bi- 
functional compounds to form a bifunctional com- 
pound of higher molecular weight, which in turn 
is capable of polymerizing with other molecules. 
Here the reactions : monomer with monomer, mon- 
omer with polymer, and polymer with polymer 
all involve the same chemical process. These con- 
densation polymerizations are not to be confused 
with polymerizations proceeding by a chain mecha- 
nism, for example, vinyl polymerizations,* or 

(7) The reasons for classing bifunctional condensations such as 

(8) Semenoff, “Chemical Kinetics and Chain Reactions,” Oxford 
these as true polymerizations have been set forth by Carothers.1 

Univ. Press, Oxford, England, 1935, p. 444. 
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the polymerization of formaldehyde catalyzed by 
formic acid.9 

The treatment which follows rests upon the 
fundamental assumption that the reactivity of a 
functional group, A or B, is independent of the 
size of the molecule to which i t  is attached. If 
the functional groups are separated by more than 
three atoms in the chain, this assumption is prob- 
ably not seriously in error; if only one or two 
atoms separate the functional groups in the mono- 
mer, then the reactivities of monomer and dimer 
may differ greatly although the difference be- 
tween dimer and trimer will be much less, between 
trimer and tetramer still less, etc.1° If the re- 
verse reaction, polymer degradation, occurs ap- 
preciably, it is necessary to append the assump- 
tion of equal reactivity of all links, AB, with re- 
spect to the reverse reaction, e. g., hydrolysis in 
the case of polyesters. It is also assumed that 
the formation of cyclic compounds (as well as 
other side reactions) does not occur to an appre- 
ciable extent.” The errors arising from the as- 
sumptions will in general be most significant in 
the range of low molecular weights; for polymers 
of high average molecular weight, where the dis- 
tribution is broad and the low molecular weight 
portion is small, deviation from the calculated re- 
sults should not be large. 

Theoretical Treatment and Discussion 
Type (i) polymers and type (ii) polymers 

formed from equivalents of A-A and B-B mole- 
cules can be subjected to the same treatment and 
so will be considered simultaneously. The special 
and more complicated problem of the size distribu- 
tion relations in type (ii) polymers formed from 
non-equivalents of A-A and B-B molecules 
will be relegated to a separate later section. 

Definitions.--A reactant molecule or its radi- 
cal will be defined as a “segment” and the term 
(9) Carruthers and Norrish, Trons. Fwvodoy SOC., 82, 195 (1936). 
(10) Factors which cause change in reaction rate during the course 

of the reaction do not invalidate this assumption if the rates of reac- 
tion of a monomer, a dimer, etc , are all affected equally. Thus, the 
increase in viscosity of the medium as the reaction progresses might 
slow down the reaction, but if the rate of reaction of each molecular 
species is slowed down proportionately the equality of the reactivi- 
ties of all functional groups at any one time remains undisturbed. 
(11) That  the extent of ring formation in bifunctional esterifica- 

tions involving unit lengths beyond 7 is exceedingly small has been 
shown experimentally in many papers published from this Labora- 
tory-e. g., Carothers and Hill, THIS JOURNAL, 54, 1561 (1932). 
More recently something in the nature of quantitative data on this 
point has become available in a paper by Stoll and Rouve [Helo.  
Cham. Acfa,  IS, 1087 (1935)] By a long (and somewhat doubtful) 
extrapolation one can, for example, calculate that  pure hydroxy- 
decanoic acid would furnish only 0 000570 of monomeric lactone a t  
complete esterification, while higher hydroxy acids might give as 
much as 0 2% of lactone 

“x-mer” will denote a polymer composed of x seg- 
ments, e. g., a hexamer is a polymer composed of 
six segments.12 

The following notation will be used: 
W D  = total number of segments = total number of A (or 

B) groups. 
N = number of unreacted A (or B) groups which remain 

after the reaction has been in progress for a time, t .  
NO - N = number of reacted A (or B) groups. 

(If desired, the N’s may be expressed in moles without al- 
tering any of the equations which follow.) 

p ,  the extent of reaction, = fraction of the total number 
of A (or B) groups which have reacted at  time t 

p = (No - N),”o 
Fundamental Distribution Functions.-In or- 

der to derive the distribution functions, let us de- 
termine the probability, II,, that a particular seg- 
ment selected a t  random is part o€ an x-mer. 
Picture a large group of partially polymerized 
segments laid end to end, thus 

(1) 

etc. S etc. - - - b-a b-2 b-1 bl b) b s  

the b’s designating the linkages, or potential link- 
ages, between the segments. Since all unreacted 
functional groups are assumed to be equally reac- 
tive, the probability that reaction has occurred to 
link the segments a t  any particular b is p and the 
probability that no linkage exists is 1 - p .  There 
are x possible configurations, such as for example 
that consisting of linkages a t  bl, bz. . . b x - l  and un- 
reacted functional groups a t  b-, and b,, which 
fulfill the condition that the segment S be part of 
an x-mer. Since each of these consists of x-1 
linkages and two unreacted potential linkages, 
the probability of the existence of each particu- 
lar configuration is p x - ’ ( l  -p)z.  The probability 
that any of the x configurations exists isl8 

11, = q Y - 1  (1 - p)2 (2) 
(12) In condensations of type (i) a segment is identical with a 

“structural unit” as previously defined by Carothers [THIS JOURNAL 
61, 2548 (1929); ibid., 66, 5023 (1933)], but in type (ii) condensa- 
tions a segment is one A-A or one B-B group whereas the struc- 
tural unit is A-AB-B. For type (ii) polymers the above definition 
of an x-mer does not agree with the previous definition according 
to which an 2-mer contains x structural units. The above definitions 
have been adopted for the sake of simplifying the following analysis. 
(13) Kuhn, Be?., 68, 1503 (1930), has derived the same equation 

for the molecular size distribution in a degraded cellulose formed by 
the hydrolysis of infinitely large cellulose molecules, assuming that 
all linkages are equally hydrolyzable. That the two distributions 
should be identical is obvious when one considers the equivalence of 
the formation of polymer molecules through random formation of 
linkages and through random breaking of linkages already formed. 
In a further study of the problem of cellulose degradation, Klages, 
2. physik.  Chcm., 8159, 357 (1932), and Kuhn, ibid., A169, 368 
(1932), have taken into account the finite size of the cellulose mole- 
cule prior t o  i ts  degradation, and they have deemed i t  necessary to 
consider different rates for mid-chain hydrolysis and for hydrolysis 
of the terminal unit. These added complications lead to  results 
which differ from those for bifunctional condensations. 

Schulz’s: equation for the weight fraction distribution in vinyl 
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As a consequence of the definition of II, 
Total number of segments which 

exist as components of x-mers 
Total number of segments ( = NO) n. = 

If in the condensation process no molecule such as 
water is eliminated, the molecular weight will be 
exactly proportional to the number of segments 
in the molecule, and II, will be exactly equal to the 
weight fraction of x-mers. If a molecule is elimi- 
nated in the condensation, the deviation from this 
proportionality (due to the excess weight of the 
unreacted terminal functional groups) will be neg- 
ligible except for the very low molecular weight 
polymers. Hence, l Ix  will be regarded hereinafter 
as the weight fraction.I4 

The number of x-mer molecules is given by 

Since there is an average of one A (or B) group 
per molecule, the total number of molecules N = 
- V ~ ( l - p )  (see (1)). Therefore, letting P, be the 
mole fraction of x-mers 

P, = N,/N = p*-'(l - p )  (4) 
In order to locate the x value which gives a 

maximum in n,, let 

Solutions are, x = CD (minimum), and 

which for values of p near unity becomes 
x , ~ .  E! 1/(1 - p )  = No/N = average value of x (5b) 
A t  the maximum 

dn,/dx = (1 - p)2  (pz-1 + x p - 1  In p )  = 0 

xmm, = -l/ln p ( 5 )  

which, on introducing approximations valid when 
p is near unity, becomes 

nm*x. = (1 - p ) / e  
Differentiating P, with respect to x and equat- 

(6b) 

ing to zero 
polymers is essentially the same as  (2) also, although i t  is based on an 
entirely different set of conditions. His equation for the weight frac- 
tion of x-mer expressed in the symbols used in this paper is x p 2  (In $1' 
where 1 - p (1 - Q in Schulz's terminology) is the ratio of the ve- 
locity of chain termination to the velocity of chain propagation. 
Inasmuch as  Schulz was interested only in large x values, he re- 
placed 1 - x with x in the exponential. The constant term, (In p ) % ,  
was evaluated by integration, a method which is approximate when 
applied to a mixture of molecules which vary in size in a stepwise 
manner. Had direct summation been used. this term would have 
been (1 - 0)' as  in (2) However, for values of p near unity ( 1  - 
P ) *  - (In PI'. 

(14) In type (ii) polymers i t  will be recalled that we have one type 
of x-mer when x is even and two when x is odd. When x is even the 
considerations of the preceding paragraph apply at once. When x 
is odd the numbers of the two types of x-mers are equal as a conse- 
quence of the assumption of equal reactivity of all A and of all B 
groups. I t  follows from this that  if we take II, when x is odd to 
include both kinds of x-mers combined, tben II, can be taken as  the 
approximate weight fraction of x-men in type (ii) a s  well as  in (i) 
without further assumptions. 

Since x = a, is the only solution, P, possesses no 
maximum with respect to x .  

The values of p which will give respectively the 
maximum amount and the maximum number of a 
particular x-mer may be obtained as follows 

dn,/bp = xp"-*(1 - p) ( z  - 1 - p x  - 9)  = 0 
for which solutions are p = 0, 1 or 

pmax. = (x - l)/(x + 1) 
Similarly 

( 7 )  

Pmar. = ( x  - 1)/1 
Discussion and Graphs.-The weight frac- 

tion distribution function (2) and the mole frac- 
tion distribution function (4) are represented 
graphically in Figs. 1 and 2 and in Figs. 3 and 4, 

(8) 
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Fig. 1.-Weight fraction distributions for moderate 
extents of reaction ( p ) .  One square = 0.02 weight 
fraction. 

respectively, for the several values of p indicated 
above each curve. From the curves in Figs. 1 
and 2 one can determine the relative quantities 
(by weight) of each molecular species; the curves 
in Figs. 3 and 4 give the relative numbers of mole- 
cules of each species. For the smaller values of 
p the weight fraction curve possesses a sharp maxi- 
mum, but as p approaches unity, this maximum 
becomes lower, shifted to larger values of x ,  and 
broader in the sense that there are more species 
present in approximately the maximum a m o ~ n t . ' ~  

X. 

(15) It can be shown that  the curves in Figs. 2 and 4 may be used 
for larger values of p by altering the coordinate scale according to the 
following rule: if p be increased so that  1 - p is decreased n-fold. 
then the ordinate must be divided by n and the abscissa multiplied by 
n. Thus, the p = 0 98 curve may be used for p = 0 998 if the II,, or 
P, values be divided by ten and the x values multiplied by ten. 
This procedure is approximate, but the error is insignificant if 9 is 
20.95 and x 8 2 0  
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The x-mer which is present in greater amount 
than any other, specified by the maximum in the 
I T x  curve, is given by (5 )  or (5b), and the quan- 
tity of this species is given by (6) or (6b). xmax 

coincides approximately with the average value 
of x (number-average, cf. sep.). It can be shown 
that for values of p < 0.5, monomer is in excess 
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X .  

Fig. 2.-Weight fraction distributions for large extents 
of reaction. One square = 0.02 weight fraction. 

(by weight) of any other species; for p > 0.5, 
xma,. 2 2 .  As is shown by the above analysis, 
there is no maximum in the P, curve for any value 
of p (see Figs, 3 and 4 ) ,  and so there are always more 
molecules of monomer t h n  of any other single s#e- 
cies. 
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X .  

zero as p approaches unity. As x is increased, 
the maximum is lowered and shifted to higher p 
values. The mole fraction of a particular x-mer 
increases in a similar (but not identical) way as the 
reaction progresses, reaches a maximum (equa- 
tion (8)) and then decreases to zero as @ ap- 
proaches unity. 

0.040 

0.032 

0.024 

d 
0.016 

0.008 

0 50 100 150 200 250 
X .  

Fig. 4.-Mole fraction distributions for large extents of 
reaction. One square = 0.02 mole fraction. 

The s u m  of the weight fractions of all constitu- 
ents, of necessity always equal to unity, is approxi- 
mately equal to the area under one of the curves 
in Figs. 1 and 2 from x = 1 to x = a, since16 

Similarly, the weight fraction of all constituents 
between x = XI and x = x2 is approximately 
equal to the area under the curve from x = x1 to 

0.12 

0.08 

b 
0.04 

0.00 
Fig. 3.-Mole fraction distributions for moderate ex- 0.5 0.6 0.7 0.8 0.9 1 .o 
tents of reaction ( p ) .  One square = 0.02 mole fraction. 9. 

Fig. &-Weight fraction of x-mer vs. extent of reaction. In Fig. 5 the weight fraction is plotted against 

gresses, the amount of a particular x-mer builds 

( x  - I)/(% -k 1) and then falls away to approach 

(16) The failure of this area to equal unity exactly arises because 
of the treatment of a discontinuous phenomenon as a continuous 

the integration is camed out continuously over all values of x .  When 
p is su5ciently large, however, the integral (or the area under the 

for Of ’* As the reaction pro- 
one; that is, only integral values of x have physical meaning, whereas 

curve) differs inappreciably from unity. 

up to a maximum located according to (7) at p = 
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x = a, and so the total weight fraction of these 
constituents can be evaluated graphically. This 
may be done in Figs. 1 and 2 by counting the 
qquares under the curve between these limits and 
multiplying by 0.02. Similar considerations ap- 
ply to the mole fraction graphs. This procedure 
is approximate, but for broad distributions ( p  2 
0.90) it may be used without significant error. 
For such distributions nearly three-fourths of the 
material (by weight) consists of molecules for 
which x > xma,, s average x. 

Molecular Weight Averages.-Lansing and 
KraemerZc have discussed three different kinds 
of average molecular weights which are amenable 
to physical measurement. These are defined by 
the equations 

M,, = ZM,N,/ZN, (9) 
M ,  =: ZM,~N,/ZM,N, (10) 
Me = ZM,3NZ/ZMz2N,, ( 1 1 )  

where M ,  is the molecular weight of an x-mer 
molecule and N ,  is the number of x-mers. The 
“number-average” molecular weight, M,, may be 
obtained by ordinary physical or chemical meth- 
ods (end group determination, osmotic pressure 
measurement, etc.) ; the “weight-average” molec- 
ular weight, M,, and the “2-average” molecular 
weight, M,, can be evaluated from sedimentation 
equilibrium measurements in the ultracentrifuge. 
144, may also be determined by means of Staud- 
inger’si7 viscosity method (cf. seq.) in cases where 
this method is capable of yielding valid results. 

These molecular weight averages may be evalu- 
ated in terms of p by substituting equation (3) 
for N,, and XMO for &Ix, the molecular weight of 
an x-mer molecule, where MO is the molecular 
weight of one segment. l8  These substitutions 
lead to the equations 

M ,  = MoZxpZ-’(l - p)2/Zpz-1(1 - 9)s 

Ma = MoZXSp*-’(l - P ) Z / Z X ~ P ~ - ~  ( 1  - PI2 

I t  can be shown that the values of the summations 
are as follows 

Mu = MoZx’p’-’(l - p ) ’ / Z X ~ - ’ ( l  - p)2 

Zp*-’(l - p)2  = 1 - p 
s x p - y 1  - $)a = 1 
zXzp=-’(l  - p)’ = (1 + p ) / ( 1  - p )  
Z X ~ P = - Y I  - pi’ = (I + 4p + p2)/(1 - $12 

(17) Staudinger, “Die hochmolekularen organischen Verbin- 
dungen,” J. Springer, Berlin, 1932. 

(18) M, may not equal xMo exactly inasmuch as the molecular 
weight of terminal groups (H and -OH in the case of polyesters) is 
neglected. However, for large molecules the discrepancy will be 
very small. If two kinds of segments are present (case ( i i ) ) ,  then 
MD must be taken as the mean molecular weight of the segments, 

Substituting these values in the equations for M,, 
JfTe and M z  

Mn = &/(I - p )  (12) 
.vu = MOA1 + p i A 1  - P) (13) 
M z  = M n ( 1  + 49 + P 2 ) / ( 1  - P 2 )  (14) 

(15) 
Also 
AW,L:Mw:Ma = 1 : ( 1  + p ) : ( 1  + 49 + p 2 ) / ( 1  + P) 

The divergence among the three average molecu- 
lar weights is a measure of the non-homogeneity 
of the polymer, and from it  Lansing and Kraemer2c 
derive their “non-uniformity coefficient.” The 
three averages are all equal when p = 0. As the 
polymerization proceeds and p increases, J4, be- 
comes progressively greater than M,, and M ,  be- 
comes greater than M,. When p is close to 
unity, i. e. ,  when the average molecular weight is 
high, the ratio (1 5 )  becomes approximately 

Ma: M,:M, = 1:2:3 (15b) 
It will be well to emphasize the bearing of these 

results on Staudinger’s method for determining 
molecular weights of linear polymers from the 
viscosities of their dilute solutions. He has ad- 
vocated the use of the following relation for the 
determination of the average molecular weight of 
linear polymeric substances 

KMn = (+I), j~~ 

where qr is the relative viscosity, c is the concen- 
tration, and K is the Staudinger constant. With- 
out taking into account different averages, Staud- 
inger has used the common number-average 
molecular weight in the above equation. Krae- 
mer and Lansing1g have shown that the weight- 
average molecular weight, M,, should be used in 
this equation instead of M,. Therefore, only in 
cases where the ratio M,/M,, is constant can i t  
also be presumed that [(l - q r ) / c ] ( ,  will be 
proportional to M,,. As shown above, this ratio 
does become very nearly constant (equal to two) 
for high molecular weight polymers of the type 
considered here. Hence, though the Staudinger 
equation may be applicable to high molecular 
weight polymers of this type, when the molecular 
weight is low (when p < 0.9 and Mn/Mo < lo), 
the use of this equation is no longer permissible. 
In its stead, one should use the equation 

( $ ) ( c  ja)  = K‘M, = K’(1 + p ) M ,  

where K’ = l/&. It would be interesting to 
trace experimentally the deviation from the 

(19) Kraemer and Lansing, J Phys  Chem , 89, 153 (1935). see 
also Kern, Ber , 68, 1439 (193.5), and the work of Schulzs on vinkl 
polymers. 
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Staudinger equation in the range of low molecu- 
lar weights. 

Type (ii) Polymers Prepared from Non- 
equivalent Amounts of the Reactants.-As was 
described in the introduction, three kinds of mole- 
cules may be formed in type (ii) polymerizations: 
molecules composed of an even number of seg- 
ments (“men” x-mers), molecules composed of an 
odd number of segments and terminated by A 
groups (“odd-A” x-mers) , and molecules contain- 
ing an odd number of segments and terminated 
by B groups (“odd-B” x-mers). When an excess 
of one reactant, arbitrarily chosen here as the re- 
actant designated by B-B, is used, separate func- 
tions must be derived for each of the three kinds of 
molecules. The following modified terminology 
will be used. 
Nd = number of A groups = twice number of A-A seg- 

N; = number of B groups = twice number of B-B seg- 

N‘ and N u  are the numbers of the respective unreacted 

N{ - NL = NU - N’ = n = excess of B-B segments. 
p = probability that an A group has reacted = (NL - N ‘ ) /  

q = probability that a B group has reacted 

ments. 

ments. 

functional groups. 

Ni 

where r = NA/N{. 
In analogy to the method of derivation used 

formerly, a single segment S is selected at random 
from the sequence of segments 

S 

bs bz bi bi b2 ba 
-B A-AB-BA-AB- BA-AB-tc. 

and the probability that it is a component of an 
x-mer is determined by adding the probabilities 
of each configuration which will meet this require- 
ment. Because of the different varieties of poly- 
mers (see (iia) and (iib)) and the non-interchange- 
ability of A-A and B-B when the latter are in 
excess, it will be necessary to use superscripts and 
subscripts to designate the various II,’s, Nx’s and 
Pz’s which arise. 

First, molecules for which x is an even integer 
will be considered. If the segment S selected a t  
random happens to be an A-A, the probability 
that there is linkage a t  bl is p ,  at  b2 it  is q, a t  b, it is 
p,  etc., alternately. A similar rule applies to b-,,, 
and so we have p for the probability of linkage 
where n is odd (either + or -) and q where n is 
even. For each of the x configurations which 
will include S in the even x-mer, there will be x / 2  

links where n is odd, (x/2)-1 links where n is 
even, and one of the terminal groups will be A 
and the other B. The probability that any given 
A-A segment is a component of an even x-mer is, 
therefore 

n,(eeien) = q N * q W ) - l (  1 - p ) (  1 - q) 
= xp-1 r ( ~ / ~ ) - 1 ( 1  - p ) ( l  - r p )  (16) 

If a B-B group had been selected as the seg- 
ment S, the same considerations would apply with 
p and q interchanged. That is, if A’s and B’s 
were interchanged in the chain of segments pic- 
tured above then S would become a B-B seg- 
ment, q would be the probability of linkage at b, 
when n is odd, and p would be the probability 
when n is even. By interchanging p and q in (16) 
the probability, IIl(wen), that any given B-B 
segment is a part of an even x-mer is obtained. 
ns(even) = xp-1  r=/*(l - p)(l - r p )  = 7II:(even) 
The total number of segments in even x-mers = 
xNz(even) = 

(N&’2)nL(even) + (Nd’/Z) II;(even) 
Substituting (16) and (17) and recalling that 
rN[ = N{ 

NJeven) = 

(17) 

NdIIZeven) = 
x 

N’p- lrZl2  [(l - p)(l - rp)r - l ]  (18) 
For the fraction of the total number of both 

kinds of segments which are contained in even x- 
mers 

rN=(cven) 
n,(even) = 112 (Nd + NOH) 

Substituting NL + A$‘ = NO(1 + r ) / r  and (18) 
in the above 

Il,(even) is the approximate weight fraction of an 
even x-mer (2  1). 

For the mole fraction of even %-mer 

P,(even) = N ,  - N ,  
Total no. of molecules - 1/2(N‘ + N”) 

N‘ = (1 - p)N6 
N u  = ( l / r  - p)Nd 

From (la), therefore 

When x is odd the number of links is even and 
the two terminal groups are either both A’s or 
both B’s (see (iib)). First, let us find the prob- 
ability, Il:(odd-A), that an A-A segment such 
as S is a component of an odd x-mer having A 
groups at its ends. Each of the (x + 1)/2 con- 
figurations fulfilling this requirement contains 
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(x  - 1)/2 links at b,'s where n is odd and (x - 1)/ 
2 links where n is even. Therefore 

IIi(odd-A) = (y) ( p q ) @ - W ( l  - p)' 

There are (x - 1)/2 configurations containing 
the A-A segment, S, which give odd x-mers hav- 
ing B end groups. For each of these there are 
(x + 1)/2 links where n is odd and (x - 3)/2 
where n is even. Consequently 

- 
IIi(odd-B) = p-1 r(Z-3141 - rp)* (22) 

To find the corresponding probabilities that a 
B-B segment is a component of an odd x-mer, A 
is interchanged with B and p with q, as was done 
above. When A and B are interchanged in con- 
figurations giving odd-A terminated x-mers, odd- 
B terminated x-mers result. By interchanging p 
and q in (21) one gets the probability, fl: (odd-B), 
that any given B-B segment is contained in an 
odd x-mer terminated with B groups. 

2 

ni(0dd-B) = x + l  7 p-' d*-')P(I - r p ) l  (23) 

Similarly by interchanging fi  and q in II:(odd-B) 
one gets - 

n:(o&-A) = p-1 r(*+l)/a(l - p ) z  (24) 

The total number of segments contained in 
odd x-mers terminated with A groups is given by 

(odd-A). Replacing N6' by NL/r and introducing 
(21) and (24) 

Similarly 
NJodd-B) = N' p-l 7 4  [1/2 (1 - rp)z I-*/:] 
The corresponding ITx's are 

~N~(0dd-A)  = '/z No' II:(odd-A) + '/2 N: II" 

N,(odd-A) = N '  Pz-l  1'1' [1/2(1 - P ) Z r - ' / ~ ]  (25) 

(26) 

and 

The mole fractions P,(odd-A) and P,(odd-B) 
can be derived from (25) and (26) in the same way 
that (20) was obtained from (18). . 

and 

Overlooking for the moment that x cannot as- 
sume the same integers in both even and odd func- 
tions, (19), (27) and (28) lead to the ratio 
&(even) : T[,(odd-A) : XI,( odd-E) = 

2(1 - p)(l - Yp):(1 - p)'r1/2:(1 - rp)2 7-'/2 ( 3 1 )  

which is independent of x. The corresponding 
ratios for the Nx's and P,'s are identical with the 
above ratio. 

Substituting p = 1 in the above equations to ob- 
tain distributions a t  completion of the reaction 

&(even) = II,(odd-A) = 0 
P,(even) = P,(odd-A) = 0 

P,(odd-B) = rzI2(l  - T ) r - ' / Z  

II,(odd-B) = ~r'/'(l - t " )7 - ' / 2 / (1  4- I) (28b) 
(sob) 

The complete absence of even and odd-A molecules 
is a consequence of the reaction of all A groups. 

To summarize the above equations, (E?), (19) 
and (20) give, respectively, the numbers, the 
weight fractions and the mole fractions of even 
molecules. The corresponding quantities for 
odd-A molecules are given by (25) ,  (27) and (29), 
and for odd-B molecules by (as), (28) and (30). 
The distributions at completion of the reaction 
(# = 1) are given by (28b) and (30b). 

The weight fraction distribution functions are 
plotted in Fig. 6 for r = 0.80 (25% excess of 
B-B molecules) at the three stages of the reac- 
tion, p = 0.85, 0.95 and 1.00. All three curves 
for a given pair of r and p values are similar in the 
sense that, as shown by (30), for all x values the 
ratio of the three II,'s is the same. Consequently, 
all three maxima come at  the same molecular size 
( x  value). In Fig. 7 the weight-fraction of x-  
mer (odd-B only, since all other types are absent) 
is plotted against x a t  complete reaction (equa- 
tion (28b)) for several values of r. The method 
of area summation given above can be applied in 
these figures also. 

For any value of r there are present initially 
($ = 0) only odd-A (A-A) and odd-B (B-B) 
molecules, and even molecules are absent entirely. 
If the numbers of the two kinds of segments are 
equal ( I  = l),  the amount of men polymer will in- 
crease steadily (starting from zero) as the reaction 
progresses, until the amounts of even and o& 
(odd-A plus odd-B) molecules become practically 
equal. With an excess of B--B segments present, 
the amount of even polymer increases until a maxi- 
mum is reached and then decreases steadily, re- 
turning to zero when p = 1. At this maximum 
the amount of even polymer may or may not be 
greater than the amount of odd-B polymer, but 



1884 PAUL J. FLORY Vol. 58 

for all values of p the amount of even polymer is from exact equivalents. (Compare curves in 
less than the amount of BOTH kinds of odd poly- Figs. 6 and 7 with those in Figs. 1 and 2.) The 
mer. The amount of odd-A polymer is always dependence of weight fraction, or mole fraction, 
less than the amount of odd-B polymer and the on x is of the same type; the principal difference 
ratio of the former to the latter becomes less as p lies in the replacement of p by rl”p. It can be 

0.10 

0.08 

0.06 

b 
0.04 

0.02 

0 10 20 30 40 50 

Fig. 6.-Weight fraction distribution curves for a25% excess of B groups 
(r = 0.80). When p = 0.85- ---, p = 0.95 ---and p = 1.00 -. 
Curves labeled “even” are for even molecules, i. e., those having an even 
number of segments; those labeled “odd-A” are for odd molecules having 
A groups as termini, and those labeled “odd-B” are for odd, B terminated 
molecules. The even curves apply for even integers only, the odd curves 
for odd integers only. 

X .  

One square = 0.005 weight fraction. 

increases. These characteristics are illustrated 
in Fig. 6. 

When equivalents of the reactants are used, the 
number-average molecular weight is 

where Mo20 is the average molecular weight of one 
segment. When r = 1 this equation reduces to 
(12). At completion of the reaction when p = 1 

M,, = AM0 (1 + r)/( l  - r )  
This equation shows the effect of an excess of one 
reactant in limiting the maximum molecular 
weight which can be reached. 

The type of distribution of molecules obtained 
when an excess of one reactant is used closely 
simulates the distribution in polymers formed 

(32b) 

MAN: + MlN; 
(20) In  this case, Mo = where MA and M{ are 

Ni + N: 
the respective molecular weights of the two segments as contained 
within a polymer molecule. 

shown that if rlhp for one polymer 
equals ?‘p for another polymer, then 
their average molecular weights will 
be nearly the same (except when r”’p 
is much less than unity), the maxima 
in their II, vs. x curves will occur a t  the 
same x value, and the distribution 
curves will vary with x in a similar 
way. The two distributions will differ 
only in the ratio of the quantities of 
the three kinds of molecules, even, 
odd-A and odd-B ( 2 : l : l  for r = 1). 
Thus, for example, for a particular 
even value of x there will be fewer 
even x-mers contained in a polymer 
for which r = rl than in another 
polymer of the same average molecu- 
lar weight (i. e., the same value) 
but for which r = r2 > rl; but the 
amount of odd (x + 1)-mers in the 
former polymer will be greater by a 
corresponding amount (unless M ,  is 
very low). Unless the method of 
examination of the two polymers is 
sufficiently precise to differentiate 
consecutive members in the sequence 
of sizes, the two distributions will 

appear to be identical if rllzp of one equals r‘/’p 
for the other. 
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Fig. 7.-Weight fractions at  completion of the reaction 
Only odd integral values 

One square = 0.01 weight fraction. 
(fi  = 1) for several values of r .  
of x are significant. 
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The distribution functions possess maxima 
characteristics similar to those previously dis- 
cussed for ' ' T  = 1" polymers. In fact, the same 
equations may be used for locating the xmax 
value for lT, by replacing p with rl"$ Exact 
equations for M ,  and M,, corresponding to equa- 
tions (13) and (14), are cumbersome; for all 
practical purposes it is permissible merely to re- 
place p with r'/*p in (13) and (14), respectively. 
I t  follows that here also the ratio of M,,:M,:M, 
approaches 1 : 2: 3 for high molecular weights. 
Thus, sedimentation equilibrium measurements 
in the ultracentrifuge would not distinguish the 
two types of polymers. 

The author wishes to acknowledge his gratitude 
to Dr. Wallace H. Carothers for his valuable ad- 
vice and keen interest in this work. The author 
is also indebted to Dr. E. 0. Rraemer for reading 
and criticizing the manuscript. 
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S-w 
1. Equations expressing the weight fraction, 

number, and mole fraction of each molecular 
species in a linear condensation polymer have been 
derived on the basis of simple and not improb- 
able assumptions. The characteristics of these 
functions have been demonstrated and discussed. 

The number-average, weight-average and Z- 
average molecular weights of Lansing and Krae- 
mer are shown to be in the ratio 1 :2:3 for the high 
molecular weight polymers. The bearing of this 
result on Staudinger's method for determining 
molecular weights has been discussed. 

The special case of polymers prepared by 
the condensation of non-equivalents of two bi- 
functional reactants (A-A + B-B) has been 
analyzed and shown to conform to a distribution 
similar to the above. Other special cases can be 
subjected to a similar analysis. 
WILMINGTON, DEL. RECEIVED MARCH 24, 1936 
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[CONTRIBUTION FROM THE COBB CEEMICAL LABORATORY OF THIC UNIVERSITY OF VIRGINIA] 

Further Studies on l,.Q-Diphenyl-l,2,4-butanetrione Enol, Including Alkylation and 
Benzoylation 

BY ROBERT E. L U n  AND ALFRED H. STUART 

Two methyl ethers have been obtained from 
the enol. One of these, dibenzoylmethoxy- 
ethylene I(B), the structure of which is certain, 
was made directly by the action of diazomethane.lb 
The other, a structural isomer II(B) or III(B), 
was obtained by the action of methanol and 
acid on the enol or various of its derivatives and 
was believed to have the open chain structure 
II(B) because it gave methyl benzoate on ozoni- 
zation ;Ib however, the alternative cyclic structure 
III(B),2 which was not considered at  that time, 
also would account for this result. 
CeHsCOC=CHCOCeHa CsHaCOCOCH=CCaHs 

I I 

( 1 )  Cf. (a) Lutz, THIS JOURNAL, 66, 1590 (1934); (b) Lutz. Wilder 
and Parrish, ibid. ,  66, 1980 (1934): Lutz and Wilder, ibtX., 66, (c) 
1987, (d) 2085, (e) 2145 (1934). 
(2) C j  (a) Blatt, rbid., 67, 1103 (1935); (b) Kahler, Westheimer 

and Tishler, ibad , 68, 264 (1930). 

The ease of formation of the isomeric ether 
by catalytic etherification does not distinguish 
between the two formulations II(B) and III(B) 
since there is analogy for the reaction in both 
open chain and cyclic types (cf. hydroxynaphtho- 
quinoneS and the sugars). The quinoxaline 
reaction, however, which is specific for a-di- 
ketones, has been used.'* 

o-Phenylenediamine reacts readily with the 
enol to give a quinoxaline (IV) which is bright 
orange in color in contrast with other quin- 
oxalines of this series. Oxidation of this product 
by means of chromic acid gives the carboxy and 

V VI 

(3) Fieser, i b i d . ,  48, 2922, 3201 (1026). 


