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Scaling of the Dynamic Scattering Function of Concentrated Colloidal Suspensions
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By dynamic light scattering we have studied concentrated suspensions of “hard-sphere” colloidal
particles in their equilibrium and metastable fluid states. We have found a simple, as yet unexplained,
scaling procedure which collapses the measured intermediate scattering functions describing structural
relaxation and self-diffusion onto the same master curve. [S0031-9007(96)00653-9]

PACS numbers: 82.70.Dd, 05.40.+j, 83.10.Pp

Understanding of Brownian motions of colloidal parti- of these particles did not crystallize over several days.
cles suspended at high concentrations in a liquid is stillt was thus possible to make long DLS measurements,
far from complete. They constitute a many-body prob-without distortion from growing crystallites.
lem, analogous to the motions of atoms in a liquid but Measurements were made using two-color DLS
complicated further by the effects of long-ranged, many{TCDLS) equipment, described in detail elsewhere
particle hydrodynamic interactions [1]. Improvements in[4]. The technique of TCDLS effectively suppresses
the preparation of “model” colloidal particles and in the multiple scattering. It is thus possible to study mod-
technique of dynamic light scattering (DLS) now allow erately turbid samples such as PMMA particles in
the collection of high quality data. DLS measures thecis-decalin. Since the strong single scattering domi-
intermediate scattering functiof(Q, 7), which describes nates any scattering from dust and the walls of the sample
the dynamics of spatial Fourier components of spontaeell and the multiple scattering is suppressed, data of high
neous fluctuations in the number density of particles. Therecision can be obtained. The technique measures the
challenge is to understand the full dependencg(@f,r)  normalized intensity correlation functiog®(Q, ) =
on both scattering vecta® and timer. TOI(T)/{I0)? =1+ Col f(Q, 7> where (---)

In this Letter we describe the discovery of a remark-represents a time average ar@ an experimental
ably simple scaling property of the measured intermeconstant smaller than 1. Dynamical information is
diate scattering functions of suspensions of hard-sphemontained in the normalized intermediate scattering func-
colloidal particles, embodied in Egs. (1) and (2) and distion [1] f(o,7) = F(Q 7)/F(Q,0), where F(Q,7) =
played in Figs. 2—4. This scaling applies at all particlen 12 ZN_I (exp[zQ [7(0) — 7;(7)]}) and the static
concentrations up to the glass transition, and over an exg{ructure factor isS(Q) = F(Q,0); N is the number of
tended (but not the complete) range@fwhich spans the particles in the scattering volume, assumed to be large,
main peak of the static structure fact®(Q) of the sus- and#;(r) is the position of particlg at timer.
pensions. An interpretation of this finding suggests that Figure 1(a) shows measured intermediate scattering
the collective motion, or structural relaxation, of a particlefunctions for a sample at volume fractiopy = 0.465;
and its cage of neighbors, which gives rise to the structuréh f(Q,7) is plotted againstQ?r for different val-
factor peak, is related to self-diffusion. ues of QR. In this representation, data for a dilute

The particles used comprised cores of polymethylsample (no interparticle interactions) would lie on the
methacrylate (PMMA) stabilized by thin layers of same straight line with slope-D, [since in this case
poly—12-hydroxystearic acid. Previous work on similarf(Q, r) = exp(—DyQ?*7), where Dy is the free-particle,
systems has shown that the interaction between ther Stokes-Einstein, diffusion constant]. It is immediately
particles is well approximated by that of hard spheresapparent that interactions have a marked effect. First,
[1-3]. We used two preparations of particles. The firstf(Q, r) departs strongly from a simple dependence on
set was suspended @is-decalin, and had a mean radius 9?7 and second, its decay cannot be described by a
R = 178 nm and size polydispersity ~ 0.05. These single exponential. As shown in the inset of Fig. 1(a), at
suspensions showed a crystallization, or disorder-ordeshort times the decay gf(Q, 7) is linear inz, f(Q, 1) =
transition. As described elsewhere [2], sample volume — Dg(Q)Q%7 + ---, which defines the short-time,
fractions ¢ were calibrated by assuming the observedg-dependent diffusion coefficientDs(Q). A strong
freezing concentration to be that of an assembly of har@)-dependence oDg(Q), plotted in reciprocal form for
spheresg = 0.494. For studies in the metastable fluid comparison withS(Q) [5], is seen in Fig. 1(b). The
region, ¢ > 0.494, we used particles witlR = 207 nm  theory for Ds(Q) is well understood [1,2,6—8]; it can be
ando ~ 0.12, suspended in a mixture afs-decalin and written Dg(Q) = DoH(Q)/S(Q), where H(Q) reflects
tetralin. Because of the higher polydispersity, sampleshe effects of hydrodynamic interactions. Note the large
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in terms of the slopes of the data in Fig. 1(8B)Q, 1) =
—(1/Q*dIn £(Q, 7)/d7 [1]. Figure 2(a) show®(Q, 7),
obtained by numerical differentiation of the data in

Fig. 1(a) and normalized b®s(Q), as a function of time
7. It is again surprising, and not predicted theoretically,
o that for QR = 2.5, the results superpose quite accurately
on the same master curve, leading to
DQ,7) _
DS(Q) =X (T)s (l)
Y T T T TRy e ey e where y'(7) is a Q-independent function of time.
Q*T (mi%) It is straightforward to show that the scalingfQ, 7)
g 16 implies thatf(Q, 7) itself should also scale if plotted in
oDy (b) Do e the form Inf(Q, 7)/Ds(Q)Q? versusr, i.e., that
DAO) D (O) 130
| Ds©@ !5% DL(Q) nf@.n) __ o
s 3 e 7 > Ds(Q)0? ’
4 °i’ ) : s where, for a given concentratiog,(7) is related toy/(r),
A 3 12 Eqg. (), byx'(7) = dx(7)/d7. Thisis verified in Fig. 3.
21 fs‘s \‘\ S Figure 3(a) simply replots the data of Fig. 1(a) in the form
agee®® ° S - -Gl In f(Q, 7) versusr and the predicted collapse of the data
0 — . 0 is seen in Fig. 3(b).
6o 1 2 3 4 5 6 1 8

As mentioned above, this scaling f@R = 2.5 has
not been predicted theoretically. Some interpretation can
FIG. 1. TCDLS results for a suspension of PMMA spherespe obtained from the following considerations. At large
of polydispersity o ~ 0.05 at volume fraction¢ = 0.465.
The different symbols represent different values@R (see
Fig. 2(a) for legend). (a) Intermediate scattering functions;
Inf(Q, 1) is plotted againsi@?7. Inset: short-time behavior.
(b) Normalized short-timeé,/Ds(Q), O (referred to left-hand

axis), and long-timeD,/D;(Q), @ (right-hand axis), diffusion D(q,7)
coefficients. The dashed line is the theoretical static structure Ds(Q)
factor S(Q) (left-hand axis) atp = 0.465.

0.5 -

difference betweerD,/Ds(Q) and S(Q), particularly at
0 < Q., indicate that hydrodynamic interactions play a
large role in the dynamics of short-time diffusion.

Figure 1(a) also shows that the decay 6€Q,7) 0.0
at long times is roughly exponentialf(Q,larger) o« 1.0 { &4
exd—D.(Q)Q?*r], defining a long-time diffusion coef-
ficient D, (Q). Figure 1(b) also show®,/D;(Q) as a
function of Q [note the different vertical scales férs(Q)
andD; (Q)]. SurprisinglyDs(Q) andD;(Q) have nearly
the same dependence @h and are related simply by
a factor of ~4.3 (at ¢ = 0.465). To our knowledge
these are the first detailed measurements of long-time
Q-dependent diffusion in concentrated hard-sphere sus- ]
pensions in their equilibrium fluid state. In contrast to 0.0 ... " Y
Ds(Q), there are no theoretical predictions By (Q) 07 107
which take proper account of hydrodynamic interactions. T (s)

The short-time processes can be associated with difsig. 2. Normalized time-dependent diffusion coefficients. (a)
fusion of the particles within their neighbor cages, andD(Q, 7)/Ds(Q) vs time for ¢ = 0.465. D(Q,7) is the
the long-time processes with diffusion on a time scalegnegative of the) local slope of the data in Fig. 1(a) (see

' xt). (b)[D(Q,7) — D.(Q)]/[Ds(Q) — DL(Q)], (symbols),
longer than that over which the cages break apart. ThtzfndD(Q,r)/DS(Q), (soIiLd lines, iﬁlcreasinchoncentration from

evoluthn from the short- to long-time regimes, as,s‘oc"top to bottom), vs time at different sample concentratighs
ated with the breakdown of the cages, can be studied byor simplicity, only measurements near to the main peaks

defining a time-dependent diffusion coefficieb{Q, 7) 0 ~ Q,, of the static structure factor$(Q) are shown.

D(Q.T)-D1(Q)
Ds(q)-D1(Q)
&
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0.0

Ry

mf(Q,7) ]

In 7(Q.7) ]

relaxation of a particle and its cage of neighbors.]
- — 70 Presumably, foQR < 2.5, collective particle motions of
______ 20 a different nature contrgf(Q, 7). These will be discussed
28 in detail elsewhere [11].
] Q0 = 85 Pek The results shown in Figs. 2(a) and 3 are typical
~1.24 % QQA:\\'- . of those found in five other equilibrium fluid sam-
1 %ﬂ“f’»\“ ~oo ples; ¢ = 0.382, 0.443, 0.470, 0.482, and 0.494 [11].
Sy Nas, - In Fig. 2(b) we show time-dependent diffusion plots
e s . obtained in the scaling regimes for several different
S S . concentrations. Remarkably, when plotted in the form
' ' [D(Q,7) — DL(Q)]/[Ds(Q) — DL(Q)], results  for
(v) 0.38 = ¢ = 0.494 also scale approximately even though
the ratioDs(Q)/Dr(Q) varies from 2 to 7 over this con-
centration range. The insight afforded by Eq. (4) allows

Ds(Q) Q% | AT 3230 some interpretation of Fig. 2(b) in terms of earlier work.

=) \ RN ii

NI T The function [D(Q.7) — D.(Q)]/[Ds(Q) — DL(Q)]

can now be regarded as describing the evolution in time

N ~o of a single particle through its cage. This was studied by
N . Cichocki and Hinsen by Brownian dynamics simulations

of hard spheres [12], neglecting hydrodynamic interac-

e T o7 oz T o3 o4 tions. They found both a similar function form to that
T () seen in Fig. 2(b) and the near independence of particle

FIG. 3. Same data as Fig.1(a) plotted ~vgather thanQ?r.

concentration.

(b) Same data plotted as fiQ, 7)/Ds(Q)Q? vs 7, showing The results discussed so far are limited to suspensions
collapse to master curve f@R = 2.5. in their equilibrium fluid states at concentrations below
freezing at¢p = 0.494. We now consider a higher con-

0O (OR > 3.5), the coherent scattering functigf(Q, 7)

tends to the self (incoherent) intermediate scattering

function F*!(Q, 7) [1]. If the displacementA7(r) of -0.0
a single particle is assumed to be a Gaussian variable, ]
F*!f (0, 7) becomes Inf(Q,7) |

F(Q,7) = exd—Q*(Ari(n))/6].  (3) ]

(The Gaussian approximation is known to be reasonably -1.1

¥ .‘.7 A
° 3.45 W, % %a

accurate for colloidal suspensions in their equilibrium : AN
fluid states [1,9].) Requiring that Eq. (2) reduces to 3 568 Peak E&é&.’%
Eq. (3) in the high@ limit then gives an expression for ] " o2 en};:;'o
x (7) so thatf(Q, 7) can be written 2.2 Lereem —
0.00
fQ,7) = eXP<—DSs(e%) Q2<Ar2(r)>/6>, 4) 1
Ds Inf(Q,7) |
whereD$'" = limy_.. Ds(Q) is the short-time self diffu- ~ 0s(Q)¢* |
sion coefficient{Ar2(r)) = 6D¥"'r — ... Thus Eq. (4) 0 '
suggests that, fapR = 2.5, the coherent scattering func- 10~
tion is determined by the diffusion of a single particle, 104 B
scaled by the ratio of collective to self short-time diffu- ot k
sion coefficients. The behavior of the mean-square dis- | e o 6 NS
placement(Ar2(r)), can be understood qualitatively in ot T @ R S
10 10~ 10™* 107" 1 10 10°

terms of the cage effect [1] and the coefficieis(Q)
andD§'" are well-defined equilibrium averages.

T (9

It is apparent from Figs. 2(a) and 3(b) that the scalingFIG. 4. Intermediate scattering functions for a suspension
of Egs. (1) and (2) breaks down at smal, QR < of PMMA spheres of polydispersityr ~ 0.12 and volume

2.5, which corresponds to fluctuations on length scale

dractions¢ ~ 0.57, near to the glass transition. (a)A6Q, 7)
Is plotted vs7; the time axis is logarithmic because of the

some_vvhat larger than th_e mean interparticle Spacmgstrongly stretched decays. (b) fi6Q, 7)/Ds(Q)02 versusr,
[Previously [10] we have discussed the decay@,., 7),  showing collapse, or scaling, fa@R = 2.7. Inset: D(Q,7)/

at the peakQ = Q,,, of S(Q), in terms of the structural Ds(Q) vs .
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centration sample of the more polydisperse particles gtlies for a range of scattering vectol@R > 2.7, which
volume fraction¢ ~ 0.57, near to the glass transition encompasses most of the stro@gvariation of the static
[13]. The correlation functions, Fig. 4(a), are qualita-structure factorS(Q). This property suggests that the
tively similar to those found in a previous study [14], “structural relaxation” of a particle and its cage of neigh-
comprising three distinct relaxation regimes. The shorbors is related to self-diffusion.

time decays,r =5 X 107* s, yield values ofDg(Q) We are indebted to S. M. Underwood and V. Trappe for
which display aQ dependence similar to that shown in preparing the PMMA particles. We also thank V. Trappe,
Fig. 1(b). The stretched intermediate decays extendinil. E. Cates, B.J. Ackerson, J. Vogel, and J. Mller for
to 7 ~ 5 s, are terme@3-relaxation in the glass transi- fruitful discussions. The research was funded by the
tion literature and can be associated with the evolutiord. K. Engineering and Physical Sciences Research Coun-
of the practice cages prior to their complete breakdowrtil and the Department of Trade and Industry.

[15]. Atthe longest times > 5 s, thea-relaxation cor-
responds to long-distance diffusion. Despite the more
complex form of f(Q,7) for this sample, compared

to those at lower concentrations (Fig. 3), the data for p dqd E R h and Enai ina. R

OR > 2.7 still collapse reasonably well when plotted resent address: Exxon Research and Engineering, ouFe

as Inf(0.7)/D (Q)Q2 and D(0. 7)/Ds(Q) versusr as 22 East, Ann_andale, NJ 08801. Electronic address:
) S ’ S pnsegre@erenj.com
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