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Scaling of the Dynamic Scattering Function of Concentrated Colloidal Suspension
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By dynamic light scattering we have studied concentrated suspensions of “hard-sphere” colloid
particles in their equilibrium and metastable fluid states. We have found a simple, as yet unexplaine
scaling procedure which collapses the measured intermediate scattering functions describing struct
relaxation and self-diffusion onto the same master curve. [S0031-9007(96)00653-9]

PACS numbers: 82.70.Dd, 05.40.+j, 83.10.Pp
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Understanding of Brownian motions of colloidal par
cles suspended at high concentrations in a liquid is
far from complete. They constitute a many-body pro
lem, analogous to the motions of atoms in a liquid b
complicated further by the effects of long-ranged, ma
particle hydrodynamic interactions [1]. Improvements
the preparation of “model” colloidal particles and in t
technique of dynamic light scattering (DLS) now allo
the collection of high quality data. DLS measures
intermediate scattering functionfsQ, td, which describes
the dynamics of spatial Fourier components of spon
neous fluctuations in the number density of particles. T
challenge is to understand the full dependence offsQ, td
on both scattering vectorQ and timet.

In this Letter we describe the discovery of a rema
ably simple scaling property of the measured interm
diate scattering functions of suspensions of hard-sp
colloidal particles, embodied in Eqs. (1) and (2) and d
played in Figs. 2–4. This scaling applies at all parti
concentrations up to the glass transition, and over an
tended (but not the complete) range ofQ which spans the
main peak of the static structure factorSsQd of the sus-
pensions. An interpretation of this finding suggests t
the collective motion, or structural relaxation, of a parti
and its cage of neighbors, which gives rise to the struc
factor peak, is related to self-diffusion.

The particles used comprised cores of polymeth
methacrylate (PMMA) stabilized by thin layers
poly–12–hydroxystearic acid. Previous work on simi
systems has shown that the interaction between
particles is well approximated by that of hard sphe
[1–3]. We used two preparations of particles. The fi
set was suspended incis-decalin, and had a mean radi
R ­ 178 nm and size polydispersitys , 0.05. These
suspensions showed a crystallization, or disorder-o
transition. As described elsewhere [2], sample volu
fractions f were calibrated by assuming the observ
freezing concentration to be that of an assembly of h
spheres,f ­ 0.494. For studies in the metastable flu
region, f . 0.494, we used particles withR ­ 207 nm
ands , 0.12, suspended in a mixture ofcis-decalin and
tetralin. Because of the higher polydispersity, samp
0031-9007y96y77(4)y771(4)$10.00
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of these particles did not crystallize over several da
It was thus possible to make long DLS measureme
without distortion from growing crystallites.

Measurements were made using two-color DL
(TCDLS) equipment, described in detail elsewhe
[4]. The technique of TCDLS effectively suppress
multiple scattering. It is thus possible to study mo
erately turbid samples such as PMMA particles
cis-decalin. Since the strong single scattering dom
nates any scattering from dust and the walls of the sam
cell and the multiple scattering is suppressed, data of h
precision can be obtained. The technique measures
normalized intensity correlation functiongs2dsQ, td ­
kIs0dIstdlykIs0dl2 ­ 1 1 C0j fsQ, tdj2 where k· · ·l
represents a time average andC0 an experimental
constant smaller than 1. Dynamical information
contained in the normalized intermediate scattering fu
tion [1] fsQ, td ­ FsQ, tdyFsQ, 0d, where FsQ, td ­
N21

PN
i­1

PN
j­1 kexphi $Q ? f$ris0d 2 $rjstdgjl and the static

structure factor isSsQd ; FsQ, 0d; N is the number of
particles in the scattering volume, assumed to be lar
and $rjstd is the position of particlej at timet.

Figure 1(a) shows measured intermediate scatte
functions for a sample at volume fractionf ­ 0.465;
ln fsQ, td is plotted againstQ2t for different val-
ues of QR. In this representation, data for a dilut
sample (no interparticle interactions) would lie on th
same straight line with slope2D0 [since in this case
fsQ, td ­ exps2D0Q2td, whereD0 is the free-particle,
or Stokes-Einstein, diffusion constant]. It is immediate
apparent that interactions have a marked effect. Fi
fsQ, td departs strongly from a simple dependence
Q2t and second, its decay cannot be described b
single exponential. As shown in the inset of Fig. 1(a),
short times the decay offsQ, td is linear int, fsQ, td ­
1 2 DSsQdQ2t 1 · · ·, which defines the short-time
Q-dependent diffusion coefficient,DSsQd. A strong
Q-dependence ofDSsQd, plotted in reciprocal form for
comparison withSsQd [5], is seen in Fig. 1(b). The
theory forDSsQd is well understood [1,2,6–8]; it can b
written DSsQd ­ D0HsQdySsQd, where HsQd reflects
the effects of hydrodynamic interactions. Note the lar
© 1996 The American Physical Society 771
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FIG. 1. TCDLS results for a suspension of PMMA sphe
of polydispersity s , 0.05 at volume fractionf ­ 0.465.
The different symbols represent different values ofQR (see
Fig. 2(a) for legend). (a) Intermediate scattering functio
ln fsQ, td is plotted againstQ2t. Inset: short-time behavior
(b) Normalized short-timeD0yDSsQd, (referred to left-hand
axis), and long-time,D0yDLsQd, d (right-hand axis), diffusion
coefficients. The dashed line is the theoretical static struc
factor SsQd (left-hand axis) atf ­ 0.465.

difference betweenD0yDSsQd and SsQd, particularly at
Q , Qm, indicate that hydrodynamic interactions play
large role in the dynamics of short-time diffusion.

Figure 1(a) also shows that the decay offsQ, td
at long times is roughly exponential,fsQ, largetd ~

expf2DLsQdQ2tg, defining a long-time diffusion coef
ficient DLsQd. Figure 1(b) also showsD0yDLsQd as a
function ofQ [note the different vertical scales forDSsQd
andDLsQd]. SurprisinglyDSsQd andDLsQd have nearly
the same dependence onQ and are related simply b
a factor of , 4.3 (at f ­ 0.465). To our knowledge
these are the first detailed measurements of long-
Q-dependent diffusion in concentrated hard-sphere
pensions in their equilibrium fluid state. In contrast
DSsQd, there are no theoretical predictions forDLsQd
which take proper account of hydrodynamic interaction

The short-time processes can be associated with
fusion of the particles within their neighbor cages, a
the long-time processes with diffusion on a time sc
longer than that over which the cages break apart.
evolution from the short- to long-time regimes, asso
ated with the breakdown of the cages, can be studied
defining a time-dependent diffusion coefficientDsQ, td
772
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in terms of the slopes of the data in Fig. 1(a),DsQ, td ;
2s1yQ2dd ln fsQ, tdydt [1]. Figure 2(a) showsDsQ, td,
obtained by numerical differentiation of the data
Fig. 1(a) and normalized byDSsQd, as a function of time
t. It is again surprising, and not predicted theoretical
that for QR $ 2.5, the results superpose quite accurate
on the same master curve, leading to

DsQ, td
DSsQd

­ x 0std , (1)

wherex 0std is aQ-independent function of time.
It is straightforward to show that the scaling ofDsQ, td

implies thatfsQ, td itself should also scale if plotted in
the form lnfsQ, tdyDSsQdQ2 versust, i.e., that

ln fsQ, td
DSsQdQ2

­ 2xstd , (2)

where, for a given concentration,xstd is related tox 0std,
Eq. (1), byx 0std ­ dxstdydt. This is verified in Fig. 3.
Figure 3(a) simply replots the data of Fig. 1(a) in the for
ln fsQ, td versust and the predicted collapse of the da
is seen in Fig. 3(b).

As mentioned above, this scaling forQR $ 2.5 has
not been predicted theoretically. Some interpretation
be obtained from the following considerations. At larg

FIG. 2. Normalized time-dependent diffusion coefficients.
DsQ, tdyDSsQd vs time for f ­ 0.465. DsQ, td is the
(negative of the) local slope of the data in Fig. 1(a) (s
text). (b) fDsQ, td 2 DLsQdgyfDSsQd 2 DLsQdg, (symbols),
andDsQ, tdyDSsQd, (solid lines, increasing concentration from
top to bottom), vs time at different sample concentrationsf.
For simplicity, only measurements near to the main pe
Q , Qm of the static structure factorsSsQd are shown.
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FIG. 3. Same data as Fig.1(a) plotted vst rather thanQ2t.
(b) Same data plotted as lnfsQ, tdyDSsQdQ2 vs t, showing
collapse to master curve forQR $ 2.5.

Q sQR ¿ 3.5d, the coherent scattering functionfsQ, td
tends to the self (incoherent) intermediate scatter
function FselfsQ, td [1]. If the displacementD$rstd of
a single particle is assumed to be a Gaussian varia
FselfsQ, td becomes

FselfsQ, td ­ expf2Q2kDr2stdly6g . (3)

(The Gaussian approximation is known to be reasona
accurate for colloidal suspensions in their equilibriu
fluid states [1,9].) Requiring that Eq. (2) reduces
Eq. (3) in the high-Q limit then gives an expression fo
xstd so thatfsQ, td can be written

fsQ, td ­ exp

√
2

DSsQd
Dself

S
Q2kDr2stdly6

!
, (4)

whereDself
S ­ limQ!` DSsQd is the short-time self diffu-

sion coefficient,kDr2stdl ­ 6Dself
S t 2 · · ·. Thus Eq. (4)

suggests that, forQR $ 2.5, the coherent scattering func
tion is determined by the diffusion of a single partic
scaled by the ratio of collective to self short-time diff
sion coefficients. The behavior of the mean-square
placement,kDr2stdl, can be understood qualitatively i
terms of the cage effect [1] and the coefficientsDSsQd
andDself

S are well-defined equilibrium averages.
It is apparent from Figs. 2(a) and 3(b) that the scal

of Eqs. (1) and (2) breaks down at smallQ, QR ,

2.5, which corresponds to fluctuations on length sca
somewhat larger than the mean interparticle spac
[Previously [10] we have discussed the decay offsQm, td,
at the peak,Q ­ Qm, of SsQd, in terms of the structura
g
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relaxation of a particle and its cage of neighbor
Presumably, forQR , 2.5, collective particle motions of
a different nature controlfsQ, td. These will be discussed
in detail elsewhere [11].

The results shown in Figs. 2(a) and 3 are typic
of those found in five other equilibrium fluid sam
ples; f ­ 0.382, 0.443, 0.470, 0.482, and 0.494 [11
In Fig. 2(b) we show time-dependent diffusion plo
obtained in the scaling regimes for several differe
concentrations. Remarkably, when plotted in the fo
fDsQ, td 2 DLsQdgyfDSsQd 2 DLsQdg, results for
0.38 # f # 0.494 also scale approximately even thoug
the ratioDSsQdyDLsQd varies from 2 to 7 over this con
centration range. The insight afforded by Eq. (4) allow
some interpretation of Fig. 2(b) in terms of earlier wor
The function fDsQ, td 2 DLsQdgyfDSsQd 2 DLsQdg
can now be regarded as describing the evolution in ti
of a single particle through its cage. This was studied
Cichocki and Hinsen by Brownian dynamics simulatio
of hard spheres [12], neglecting hydrodynamic intera
tions. They found both a similar function form to tha
seen in Fig. 2(b) and the near independence of part
concentration.

The results discussed so far are limited to suspens
in their equilibrium fluid states at concentrations belo
freezing atf ­ 0.494. We now consider a higher con

FIG. 4. Intermediate scattering functions for a suspens
of PMMA spheres of polydispersitys , 0.12 and volume
fractionsf , 0.57, near to the glass transition. (a) lnfsQ, td
is plotted vst; the time axis is logarithmic because of th
strongly stretched decays. (b) lnfsQ, tdyDSsQdQ2 versust,
showing collapse, or scaling, forQR $ 2.7. Inset: DsQ, tdy
DSsQd vs t.
773
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centration sample of the more polydisperse particles
volume fractionf , 0.57, near to the glass transitio
[13]. The correlation functions, Fig. 4(a), are quali
tively similar to those found in a previous study [14
comprising three distinct relaxation regimes. The sh
time decays,t # 5 3 1024 s, yield values ofDSsQd
which display aQ dependence similar to that shown
Fig. 1(b). The stretched intermediate decays extend
to t , 5 s, are termedb-relaxation in the glass trans
tion literature and can be associated with the evolu
of the practice cages prior to their complete breakdo
[15]. At the longest timest . 5 s, thea-relaxation cor-
responds to long-distance diffusion. Despite the m
complex form of fsQ, td for this sample, compare
to those at lower concentrations (Fig. 3), the data
QR . 2.7 still collapse reasonably well when plotte
as lnfsQ, tdyDSsQdQ2 and DsQ, tdyDSsQd versust as
shown in Fig. 4(b).

As mentioned above, the complexity of interpartic
hydrodynamics has so far precluded any firm theoret
predictions of the long-time dynamics of concentra
colloidal suspensions. However, there are some rele
theories and simulations for concentrated suspens
in which hydrodynamic interactions are (hypothetical
neglected, including those of de Schepperet al. [16], who
also suggest a connection between structural relaxa
and self-diffusion, Härtlet al. [17], and Cichocki and
Felderhof [18]. However, none of these approac
appears to lead directly to the scaling property found
this Letter.

Mode-coupling theories for fluids close to the gla
transition predict specific scaling properties for thea- and
b-relaxations [15] which have been observed in PMM
suspensions similar to those studied here [14]. It is
yet clear how these relate to the simple scaling that
have found [11]. We note that Eqs. (1) and (2) indic
a factorization property of lnfsQ, td and DsQ, td; both
quantities can be approximately written as the produc
separate functions ofQ andt only.

Finally, we mention some results of recent DLS stu
ies on two other types of strongly interacting suspensio
Nearly monodisperse emulsion droplets of oil in water c
behave like hard spheres at the concentrations and
scales of interest here. Unpublished DLS measurem
[19] on such a system atf , 0.5 gave scattering func
tions fsQ, td and scaling almost identical to those fou
with the PMMA particles. On the other hand, the scatt
ing functions of dilute aqueous suspensions of char
polystyrene spheres [20], which interact through lon
ranged Coulombic repulsions but weaker hydrodyna
interactions, do not exhibit accurate scaling though t
look qualitatively similar to those shown in Fig. 1(a).

We have found an approximate, but quite accur
scaling property of the intermediate scattering functio
fsQ, td of concentrated colloidal suspensions which
774
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plies for a range of scattering vectors,QR . 2.7, which
encompasses most of the strongQ-variation of the static
structure factorSsQd. This property suggests that th
“structural relaxation” of a particle and its cage of neig
bors is related to self-diffusion.
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