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Dynamical simulations of bulk sedimentation have been carried out, using up to 32 000 solid
particles. There is no evidence that the long-range hydrodynamic interactions are screened by
changes in the pair correlation function at large distances. Instead the velocity fluctuations and
diffusion coefficients diverge linearly with the width of the container, consistent with the random
long-range microstructures observed in the simulations. Our data suggest that other mechanisms
must be uncovered to account for experimental observations. ©1997 American Institute of
Physics.@S1070-6631~97!02403-3#
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I. INTRODUCTION

An isolated sphere of macroscopic size falls stead
through a suspending liquid, at a terminal velocity,U0, set
by the balance between the gravitational force and the
drodynamic or Stokes drag. In a multi-particle suspens
each particle experiences a different shielding of the hyd
dynamic drag, due to fluctuating arrangements of its nei
bors. These solvent mediated ‘‘hydrodynamic interaction
are long range, decaying as 1/R at large particle separation
(R). They drive fluctuations in particle velocity during th
sedimentation process, which leads to a diffusive motion
the particles in addition to the net sedimentation flow. T
root-mean-square fluctuations in particle velocity are of
same magnitude as the mean sedimentation velocity; for
ticles more than about 10mm in diameter, hydrodynamic
diffusion completely dominates the thermal Brownian m
tion. A straightforward calculation shows that particle velo
ity fluctuations in a suspension of randomly distributed p
ticles diverge in the large system limit.1 On the other hand
recent experiments found no systematic variation in the p
ticle velocity fluctuations with container size.2 These theo-
retical and experimental findings raise the question as
whether velocity fluctuations in sedimenting suspensions
controlled by the container size, by the establishment o
non-random suspension microstructure, or by some me
nism which has not yet been considered.

It has been suggested that changes in long-range
correlations, induced by the sedimentation process, m
lead to a screening of the hydrodynamic interactions.3 If the
long-range interactions are screened, then velocity fluc
tions in sedimenting suspensions would be finite and in
pendent of container size for sufficiently large vessels. T
critical test of this theory is its prediction of a mass deficit;
other words that the neighborhood around a test sphere
tains precisely one less particle than if the same volume w
filled uniformly with particles at the bulk suspension conce
tration. This prediction has not been tested experiment
since the particles used in the laboratory are too large
allow for a direct measurement of the structure factor
light scattering. Thus numerical simulation is the only tec
nique presently available to study the microstructure~pair
correlations! in sedimenting suspensions and to test fo
mass deficit. The motivation for this work was to discover
Phys. Fluids 9 (3), March 1997 1070-6631/97/9(3)/491/9/
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hydrodynamic screening occurs in uniform sedimenting s
pensions, in the absence of inhomogeneities introduced
cell boundaries. A preliminary account of this work was pu
lished recently.4

II. HYDRODYNAMIC FLUCTUATIONS

In a typical sedimentation experiment the particle Re
nolds number is of order 1024.2,5,6 Thus both particle inertia
and fluid inertia can be ignored and the velocity of a parti
is completely determined by the instantaneous configura
of its neighbors;

Ui5(
j51

N

mi j ~R
N!•F, ~1!

wheremi j (R
N) are the configuration dependent mobility m

trices, andF is the gravitational force on each of the~iden-
tical! spheres. In addition to the direct hydrodynamic inte
actions between the spheres, there is a pressure grad
generated by the base of the container, which exactly
ances the total gravitational force on the particles; i.e.,

E
V
“p~r !dr5NF, ~2!

whereN is the number of spheres in the sample volumeV.
On average, the backflow of fluid induced by this pressu
gradient cancels the contributions of the hydrodynamic in
actions at large distances, so that the mean sedimenta
velocity is finite and independent of container size7 and
shape.8 However,fluctuationsin particle velocity,

^UiUi&5K (
j51

N

(
k51

N

F•mi j ~R
N!mik~R

N!•FL , ~3!

are not affected by the backflow. The contributions of dist
particles to the velocity variance of a test sphere fall off
R22; when summed over all particles in the system~apart
from the test sphere!, they give a contribution to the velocity
variance that is proportional to the linear dimensions of
container.1 For a sample with periodic boundary condition
thedivergingcontribution to the velocity fluctuations can b
written in a simpler form as a sum over wave vectors,k, that
are commensurate with the periodic box,9
491$10.00 © 1997 American Institute of Physics
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N

V2(
kÞ0

S~k!F•T~k!T~k!•F. ~4!

In this equationS(k)5^N21( i , j51
Neik–Ri j & is the structure

factor, which is direction dependent because of the grav
tional field; T(k)5(12kk /k2)/hk2 is the periodic Green’s
function for hydrodynamic interactions in a fluid of viscosi
h. The k50 term is canceled by the pressure gradient@Eq.
~2!#.

At long wavelengths,

S~k!5S~0!1O ~k2!; ~5!

thus only the long wavelength limitS(0) contributes to the
divergence of̂ UU&. The velocity fluctuations can then b
written in terms of the volume fraction,f, and the ratio of
the sample width,W, to the particle radius,a,

^Ua
2&5CafU0

2S~0!W/a; ~6!

the labela refers to fluctuations parallel or perpendicular
the gravitational field andCa is a numerical coefficien
which depends on the box shape. For elongated boxes
~4! can be simplified by replacing the sum over the com
nent ofk parallel to the gravitational direction by an integra
Then it is straightforward to calculate the coefficientsCa ,
with the result

Ci510C'5
135

256p2(
nÞ0

n2350.482 68; ~7!

the summation is over the two-dimensional spa
n5@nx ,ny#.

The divergence in the velocity variance, proportional
W/a, is directly connected to the behavior of long wav
length density fluctuations, described byS(k) in the limit
k→0. If particle positions are uncorrelated beyond a f
sphere diameters, thenS(0) is finite and the velocity fluctua
tions diverge. If, on the other hand, long-wavelength den
fluctuations are for some reason suppressed, andS(0)50,
then the velocity fluctuations will be finite,3 even for very
large samples. An analogous situation occurs in electro
solutions, where long-wavelength fluctuations in charge d
sity are suppressed by Debye–Hu¨ckel screening. The
charges rearrange so that an ion and its environment
overall electrically neutral on length scales greater than
Debye–Hu¨ckel screening length. Thus in charged syste
there are long-range pair correlations~on the order of the
screening length!, which are such that the charge–char
structure factor vanishes in the long-wavelength limit. Ko
and Shaqfeh3 have proposed that a similar mechanism co
suppress the velocity fluctuations in sedimenting susp
sions. Here the pressure gradient in the background fl
plays the same role as the counterions in an electrolyte s
tion. The equivalent Koch–Shaqfeh screening of the hyd
dynamic interactions requires that a sedimenting sphere
its neighbors are neutrally buoyant with respect to the hom
geneous suspension. In terms of the pair correlation funct
g(r )5^N21( iÞ j51

N d(r2Ri j )&, hydrodynamic screening re
quires that
492 Phys. Fluids, Vol. 9, No. 3, March 1997
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@g~r !21#dr521. ~8!

The integral in Eq.~8! is over a spherical volume of radiu
l, wherel is much greater than the particle radiusa but
much less than the~macroscopic! size of the container. Thus
for hydrodynamic screening to occur, the number of neig
bors in asubmacroscopicvolume around a test sphere,Vl ,
must be exactly one particle less than if that same volu
were filled uniformly with particles.3 Using the relation be-
tween the structure factor and the pair correlation functi
S(k)511(N/V)*cos(k•r )@g(r )21#dr , it is clear that Eq.
~8! is equivalent to the conditionS(0)50.

Recent laboratory experiments have studied the varia
in particle velocity fluctuations with container size.2 No sys-
tematic changes in velocity variance were observed ove
range of container widths,W, from 50a to 200a. The moti-
vation for the present work was to discover whether t
experimental observation can be explained by a hydro
namic screening mechanism, along the lines proposed
Koch and Shaqfeh.3 This has been accomplished by larg
scale numerical simulations, which allow us to measure b
the velocity fluctuations and the pair correlation function4

In this work, more than 32 000 spheres have been simula
the largest box width is about 70a, in the same range as th
laboratory experiments, and much larger than the predic
screening length in the Koch–Shaqfeh theory, which s
gestsl'a/f. To minimize the expected screening leng
while still keeping the suspension reasonably dilute, m
simulations were run at a volume fractionf50.1. A wide
range of system sizes, fromN5128 to N532 768, were
used, to compare the scaling of the velocity fluctuations w
the predictions of Eq.~6! for random long-range microstruc
tures, and with the predictions of Ref. 3 for screened hyd
dynamic interactions.

III. NUMERICAL METHOD

The numerical method used in this work is similar to th
described in Ref. 10: the fluid phase is described by a latt
Boltzmann model which interacts with the solid particles
special ‘‘boundary nodes’’ on the particle surfaces; the so
particle motion is calculated by molecular dynamics. T
accuracy of the lattice-Boltzmann approach was establis
by extensive comparisons with theory, simulation, a
experiment.11 However, due to the added complexities i
volved in combining dynamical simulations with a parall
implementation of the code, it was necessary to modify
method in two important respects. Several of the key num
cal tests described in Ref. 11 have been repeated for
modified method and are reported below. Once again we
a system of units in which the nearest-neighbor lattice sp
ing and the time step are both unity.

In the original implementation particle centers were
ways located at lattice nodes, which maintains a fixed p
ticle shape. However, during a dynamical simulation it
then necessary to move the particle in discrete steps, co
sponding to motion from lattice node to lattice node. Unfo
tunately this leads to ‘‘traffic jams,’’ even in relatively dilut
suspensions, with particles waiting to move to the corr
Anthony J. C. Ladd
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locations. A further disadvantage is that when a parti
moves it causes noticeable discontinuities in the fluid flo
Thus in this work the particles move continuously, using
instantaneous particle coordinates as the center for the
of boundary nodes.12 The disadvantage of this approach
that the particle shape fluctuates as the location of the
ticle changes with respect to the lattice; however, the fl
tuations in shape are insignificant for sphere radii grea
than about 5 lattice spacings. When an object has its ce
located at a lattice node, the two methods produce iden
drag coefficients.

In order to determine the effective hydrodynamic rad
of an object, the mean friction coefficient of a periodic arr
of spheres was measured at low volume fraction (f,0.1).
The method is similar to that described in Ref. 11, exc
that it is now necessary to average over an ensemble of
ferent particle locations~relative to the lattice!. One hundred
randomly chosen locations were used for each test, e
though there was very little variation in drag for larger o
jects. It was found that for input radii of 1.5, 2.5, 4.5, and 8
lattice spacings, the effective hydrodynamic radii, based
the mean friction coefficients, were 1.39, 2.443, 4.493, a
8.530, respectively. The effective hydrodynamic radius
used to estimate the solid volume fraction of a suspensio

The translational and rotational friction coefficients for
simple-cubic array of spheres are shown as a function
solid volume fraction in Fig. 1~cf. Fig. 2 of Ref. 11!; each
data point was obtained by an ensemble average over
different particle locations. The simulation data are in go
agreement with creeping-flow theory over the whole range
volume fraction.

It is possible for two particles near contact to share
same boundary node. In such cases a special update ru
needed for these ‘‘shared nodes.’’ The update rule use
Ref. 11 is particularly cumbersome in parallel implemen
tions. Therefore population densities now simply propag
through shared nodes undisturbed, as in the bulk fluid
addition the leading order lubrication forces are calcula
explicitly:

Fi j
lub52

3pha

s
x̂i j x̂i j •~ui2uj !, ~9!

where s5R/a22 is the dimensionless gap an
xi j5xi2xj . The lattice-Boltzmann method breaks dow

FIG. 1. Translational and rotational friction coefficients of a simple-cu
lattice of spheres. The drag coefficients, normalized by the isolated sp
values, are plotted as a function of volume fraction for several different
objects. The solid lines are determined from accurate numerical solution
the Stokes equations.15
Phys. Fluids, Vol. 9, No. 3, March 1997
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when the particles are closer than some separationD, where
D is of the order of one lattice spacing. Thus the miss
lubrication can be accounted for by taking the difference
lubrication force betweenR5(21s)a and R52a1D for
each closely spaced pair (R,2a1D); in other words by
replacing 1/s in Eq. ~9! with 1/s2a/D. The pair hydrody-
namic interactions calculated in this way are illustrated
Fig. 2 ~cf. Fig. 3 of Ref. 11!, takingD51.

Calculations of hydrodynamic transport coefficients f
random dispersions have also been repeated; the result
periodic unit cells containing 16 spheres are shown in Fig
~cf. Fig. 4 of Ref. 11!. The shear viscosity is in better agre
ment with creeping-flow theory than in Ref. 11, because
the explicit lubrication forces. The overall agreement b
tween lattice-Boltzmann results and creeping-flow theory,
lustrated in Figs. 1–3, is quite comparable to observation
Ref. 11.

re
e
of

FIG. 2. Hydrodynamic interactions between pairs of spheres. The per
dicular and parallel friction coefficients are plotted as a function of
reduced gap width,s5R/a22. The systems are periodic, with a two-sphe
unit cell. The solid lines are solutions of the Stokes equations,15 in the same
periodic geometry.

FIG. 3. Hydrodynamic transport coefficients of random arrays of sphe
The inverse permeability,K21, the collective mobility,m, the self diffusion
coefficient,Ds , and the high frequency shear viscosity,h` , have been
normalized to the appropriate low-density limit. Results from simulations
16 spheres~with periodic boundary conditions! are compared with accurate
numerical solutions of the Stokes equations. The lattice-Boltzmann re
~present work! are plotted as symbols; results from Ref. 16 are shown
solid lines. The statistical errors in both sets of calculations are smaller
the plotting symbols.
493Anthony J. C. Ladd
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A parallel version of the code was implemented, first
the Meiko CS2 and later for the IBM SP2. The code use
two-dimensional domain decomposition of the fluid, but f
simplicity, the dynamics of the solid particles were solved
every processor. The algorithm parallelizes quite efficien
for as many as 10 000 particles, using up to 64 process
For very large systems, the absence of a parallel code fo
solid particles reduces the efficiency; systems of more t
100, 000 particles are not feasible without parallelization
the particle dynamics. In the present work, 32 process
were used for the largest calculations. On the IBM SP2
gave a total performance of about 2 Gflops, or about 5 m
lion site updates per second.

IV. RESULTS

The principal aim of this work has been to discov
whether or not hydrodynamic screening exists in bulk se
mentation of non-Brownian spheres. The primary data
tained from the simulations have been the particle velo
fluctuations and pair correlation functions. The scaling
velocity fluctuations has been examined over a large rang
system sizes, fromN'100 toN'32 000, to see if it is con-
sistent with random long-range microstructures, or whet
the fluctuations tend to constant values for sufficiently la
systems, indicating hydrodynamic screening. More direc
pair correlation functions have been examined for evide
of hydrodynamic screening.

There is a source of uncertainty in the simulations, a
ing from fluctuations in shape as the particles move thro
the lattice~see Sec. III!. Thus an isolated pair of spheres h
an artificial tendency to separate during sedimentation. H
ever, the rate of separation in several two-particle test ca
lations was found to be small, and decreasing in propor
to the particle size. For the smallest spheres (a51.39), the
average rate of divergence of particle trajectories is less
1% of the Stokes velocity; for larger particles (a52.443) the
rate of divergence is less than 0.5%. By comparison,
experimental data suffer from direct polydispersity effe
that are at least an order of magnitude larger.

In addition to the various tests for static arrays of p
ticles discussed in Sec. III and in Ref. 11, some additio
calculations were undertaken to specifically validate
simulation method for the sedimentation problem; these
clude the effects of a shear flow on the relative velocity o
pair of spheres~Sec. IV A!, and comparisons with previou
dynamical simulations~Sec. IV B!. Simulations in elongated
boxes have been carried out to assess the effects of
shapeand to help decide on the most useful aspect ratio
the later simulations~Sec. IV C!. The bulk of the new results
are described in the two subsequent sections~Sec. IV D and
IV E!: velocity fluctuations, time-dependent velocity corre
tions, and particle–particle spatial correlations are compa
with theoretical predictions and experimental results. T
emphasis of this work is on scaling of the velocity fluctu
tions and on the long-range behavior of the pair correlat
function.
494 Phys. Fluids, Vol. 9, No. 3, March 1997
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A. A pair of spheres in a shear flow

An important element of the Koch–Shaqfeh theory3 is
that the relative positions of a closely spaced pair of partic
are modified by the shear-flow induced by a distant th
particle. To ensure that these three-body interactions
simulated correctly, the velocities of a pair of spheres in
shear flow have been calculated. In these simulations
shear is induced by a pair of plane walls, rather than b
distant particle. The relative velocityU5U22U1 of an iso-
lated pair of spheres in a homogeneous shear flow is g
by13

U5V3R1E•R2@A~R!R̂R̂1B~R!~12R̂R̂!#•E•R,
~10!

whereR5R22R1 is the separation vector, andE andV are
the strain rate and vorticity of the imposed shear flow. T
scalar coefficientsA andB can be determined by measurin
the velocity of a pair of spheres at various orientations w
respect to the flow. Three different orientations in the she
flow plane were used; with the pair aligned along the flo
direction, with the pair at right angles to the flow directio
and with the pair at 45° to the flow direction. These simu
tions provide two independent measurements for bothA and
B. Since the imposed flow is not exactly homogeneous
depends on the distance from the spheres to the driv
walls, each sphere configuration was run with three differ
box sizes to estimate size effects. For the 45° configurat
the two measures ofA ~from the two different velocity com-
ponents! converged quite rapidly, one from above and t
other from below; thus a bounded estimate ofA could be
made, even for quite large spheres. For theB coefficient, it
was difficult to get a convergent result from the case wh
the spheres were aligned along the flow direction; this
rangement was only useful for small, closely spaced sphe
The perpendicular arrangement showed much better con
gence and was used for most of the calculations ofB. A
summary of the results is shown in Fig. 4, where the b
estimates ofA andB are plotted for various particle sizes a
a function of the reduced gap,s5R/a22; Batchelor and
Green’s results13 are indicated by the solid lines. It can b
seen that theA coefficient is accurately calculated at all sep
rations, regardless of sphere size; this is because the s
s behavior is captured by the explicit lubrication@Eq. ~9!#.
The smalls behavior of theB coefficient is only captured

FIG. 4. Velocities of a pair of spheres in shear flow. The scalar coefficie
A andB that characterize the relative motion of the spheres are comp
with Batchelor and Green’s results~solid lines!.13 Simulation results are
plotted as a function of the reduced gap width,s5r /a22, for various par-
ticle sizes.
Anthony J. C. Ladd
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approximately, because the tangential lubrication has
been explicitly included. Nevertheless, the overall agreem
is quite acceptable; the average motion of pair of sphere
a shear flow is accurately reproduced.

B. Comparison with previous results

Sedimentation simulations for 32 spheres in a cubic
riodic box have been carried out, to compare the latti
Boltzmann code with simulations based on a Stokesian
namics like method.9 The results for velocity fluctuations an
diffusion coefficients, ensemble-averaged over 64 differ
initial configurations, are collected in Table I; the statistic
errors are of the order of 5%. Since the fluid equations
lattice-Boltzmann simulations are time dependent, the res
depend on the mean particle velocity. Each simulation can
characterized by a Reynolds number,

RW5^U i&W/n, ~11!

based on the width of the cellW and the mean flow velocity
^U i&. The Reynolds number is a measure of the dista
over which the hydrodynamic interactions spread befor
particle moves a significant fraction of that distance; in t
work it is based on the cell width so that the range of
hydrodynamic interactions increases in proportion to the
size. Table I shows how the velocity fluctuations and dif
sion coefficients vary with the mean flow velocity, as ch
acterized byRW . There is no systematic variation in eith
the velocity fluctuations or the diffusion coefficients f
RW,1. In the simulations reported later in the pap
RW'0.4; as the systems get larger the gravitational forc
reduced in proportion, so as to keepRW roughly constant. By
comparison, in laboratory experimentsRW'0.03, roughly a
factor of 10 less.

The overall agreement between Stokesian dynamics
lattice-Boltzmann simulations is within 5% for the veloci
fluctuations and 20% for the diffusion coefficients. Althou
these differences are not much larger than the combined
tistical errors in the two calculations, the diffusion coef
cients measured in the Stokesian dynamics simulations

TABLE I. Comparison of simulated velocity fluctuations and hydrodynam
diffusion coefficients with Stokesian dynamics results. Simulations of
spheres in a cubic periodic box are compared with earlier results9 obtained
by numerical solutions of creeping-flow integral equations~SD!. Results are
reported for different values of the Reynolds number,RW5^U i&W/n, which
is based on the width of the periodic unit cellW.

a f RW ^U i&/U0 ^U i
2&/U0

2 ^U'
2 &/U0

2 D i /U0a D' /U0a

1.39 0.052 1.37 0.632 0.074 0.0061 3.6 0.053
0.69 0.631 0.077 0.0067 3.4 0.051
0.34 0.629 0.077 0.0067 3.9 0.046
0.17 0.630 0.075 0.0066 3.5 0.045

SD 0.05 0.0 0.63 0.072 0.0069 3.5 0.054

1.39 0.107 0.37 0.426 0.045 0.0055 1.35 0.034
2.443 0.099 0.29 0.441 0.046 0.0057 1.35 0.035

2.443 0.244 0.38 0.197 0.016 0.0028 0.24 0.013
0.19 0.194 0.015 0.0028 0.24 0.014

SD 0.25 0.0 0.19 0.015 0.0024 0.31 0.018
Phys. Fluids, Vol. 9, No. 3, March 1997
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consistently larger than those measured in the latt
Boltzmann simulations. Since the static properties de
mined by both methods are very similar, the discrepanc
most likely due to the integration of the dynamical trajec
ries. In the Stokesian dynamics simulations, a time step e
to the Stokes time (t05a/U0) was used, which saved com
puter time but at the cost of a relatively large number
particle–particle contacts; this may have led to an overe
mate of the dispersion coefficients. In this work the time s
for particle motion is much smaller, at most 1022t0. Stoke-
sian dynamics simulations are not available at 10% volu
fraction, but the results of lattice-Boltzmann simulatio
with two different particle sizes are very similar.

C. Box shape effects

Somewhat surprisingly, it turns out that hydrodynam
diffusion is affected by box shape as well as box size.
earlier sedimentation simulations9 large anisotropies in the
diffusion coefficients were found; at low volume fraction
(f50.05)D i /D' was'65. Subsequent experimental me
surements found much smaller anisotropies; typical value
D i /D' ranged from about 5 at low volume fractions to abo
3 at high volume fractions. A theoretical analysis14 indicates
that this is at least partially due to the box shape. Usin
self-consistent diffusion model for the particle motio
Koch14 showed that horizontal density fluctuations can
convected through the periodic repeat length before deca
due to particle diffusion. However, the anisotropy in veloc
fluctuations and hydrodynamic diffusion coefficients is s
nificantly reduced if the box is elongated in the direction
the gravitational field. The asymptotic aspect ratio is p
dicted to be about 4:1;14 no significant changes in velocit
fluctuations or diffusion coefficients are expected for larg
aspect ratios. In this work we have made a sequence of
with different aspect ratios, varying from 1:1 to 16:1; velo
ity fluctuations and diffusion coefficients at a volume fra
tion f50.1 are reported in Table II.

The results in Table II show that the cubic bo
(N532) is significantly anomalous when compared w
more elongated box shapes; fluctuations in the vertical di
tion are slightly enhanced and those in the horizontal dir
tion are suppressed. The anisotropy is larger for the diffus
coefficients than for the instantaneous velocity fluctuatio
thus the relaxation times are also shape dependent. The
of D i /D' ranges from 40 forH/W51 to about 14 for
H/W>4. However, even these anisotropies are much lar

2
TABLE II. Box shape dependence of velocity fluctuations and hydro
namic diffusion coefficients. Simulations in oblong periodic boxes of diff
ent aspect ratiosH/W are compared. In all cases the effective hydrodynam
radius was 1.39 lattice spacings, the volume fractionf50.107, and
RW5^U i&W/n50.37.

H/W N ^U i&/U0 ^U i
2&/U0

2 ^U'
2 &/U0

2 D i /U0a D' /U0a

1 32 0.426 0.045 0.0055 1.35 0.034
2 64 0.429 0.041 0.0070 0.80 0.045
4 128 0.433 0.045 0.0072 0.62 0.040
8 256 0.427 0.042 0.0069 0.53 0.039
16 512 0.429 0.042 0.0071 0.59 0.043
495Anthony J. C. Ladd



tions
se

m

496 Phys. Flu
TABLE III. Box size dependence of velocity fluctuations and hydrodynamic diffusion coefficients. Simula
in different size periodic boxes~with aspect ratioH/W54) are compared. The number of particles in the
simulations range from 128 to 32 768. Results for different size spheres at a volume fraction close tof50.1 are
shown. The applied force on each particle is set to keepRW approximately constant for the different syste
sizes.

N a f RW ^U i&/U0 ^U i
2&/U0

2 ^U'
2 &/U0

2 D i /U0a D' /U0a

128 1.39 0.107 0.37 0.433 0.045 0.0072 0.62 0.040
2.443 0.099 0.40 0.454 0.050 0.0080 0.75 0.045
4.493 0.097 0.41 0.462 0.050 0.0079 0.78 0.046

1024 1.39 0.107 0.41 0.482 0.148 0.0222 3.5 0.14
2.443 0.099 0.45 0.508 0.168 0.0238 3.1 0.14

8192 1.39 0.107 0.44 0.507 0.388 0.0503 11.1 0.45
7424 2.443 0.101 0.45 0.532 0.378 0.0546 9.8 0.45

32 768 1.39 0.107 0.45 0.517 0.599 0.0796 17.7 0.77
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than the experimental results.6 In the next section we exam
ine how hydrodynamic diffusion coefficients vary with sy
tem size and make more detailed comparisons with exp
ment.

D. Box size effects

Simulation results for velocity fluctuations and hydrod
namic diffusion coefficients are summarized in Table III f
a range of system sizes from 128 to 32 768 spheres; in e
case the aspect ratio of the unit cell was 4:1. In Fig. 5 vel
ity fluctuations are plotted as a function of the periodic
peat widthW. It can be seen that the fluctuations diver
approximately linearly withW in accordance with the pre
dictions of Eq.~6!. The actual numerical values for the RM
velocity fluctuations are about one half the theoretical val
for an equilibrium~most probable! distribution of spheres
The volume fraction used in the simulations (f50.1) is
probably too large for Eq.~4! to be more than qualitatively
correct. The more quantitative agreement between the
and simulation reported in Ref. 4 was erroneous; a facto
p was inadvertently omitted from the theoretical calculatio

FIG. 5. Variation in velocity fluctuations with box size in a steadily se
menting suspension. The solid line is the theoretical scaling (} W) for an
equilibrium ~most probable! distribution of spheres. Simulation results fo
two different particle sizes are shown, with hydrodynamic radiia51.39 and
a52.443. Experimental results at a volume fractionf50.1 are shown~as
open symbols! for comparison.
ids, Vol. 9, No. 3, March 1997
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Figure 5 contains results for two different particle siz
(a51.39 anda52.443); the data indicate that the dive
gence of the velocity fluctuations is independent of the p
ticle radius used in the lattice-Boltzmann simulations. F
thermore, an additional simulation was performed with
larger particle (a54.5) and these results~for N5128) also
agreed with the smaller particle data~see Table III!. Thus it
would not be expected that more accurate simulations wo
lead to qualitatively different conclusions.

The simulations show that macroscopically homog
neous suspensions experience a divergence in the vel
fluctuations asW/a becomes large, as predicted by Cafli
and Luke;1 the fluctuations do not converge to a fixed val
for sufficiently large systems, as predicted by Koch a
Shaqfeh.3 Since the experimental systems are never perfe
homogeneous and the actual particle distribution is
known, the experimental observations are not a definit
answer to the question as to whether screening can arise
bulk suspension, as opposed to being caused by large s
inhomogeneities induced by the container. In these sim
tions the largest cell width (W570a, N532 768) is of com-
parable dimensions to experimental cells in which no div
gence in velocity fluctuations was observed; moreov
several of the systems are substantially larger than the
pected hydrodynamic screening length based on Koch
Shaqfeh theory,l'a/f510a. Thus it seems likely that
these simulations contain sufficient particles to approxim
the asymptotic large scale behavior of homogeneous sus
sions, and provide a definitive answer to the question of
existence of hydrodynamic screening.

Instantaneous correlations in particle velocities decay
time due to the randomizing of particle positions by hydr
dynamic diffusion. In Fig. 6, a typical set of velocity corre
lation functions (N57424 anda52.443) are compared with
experimental data.6 The statistical errors in the simulated v
locity correlation functions are quite small, of the order
1% of the initial value, and less than the size of the plotti
symbols; the statistical errors in the experimental data
much larger. The relaxation times are of the order 10t0, con-
sistent with experimental observations,6 but the anisotropy in
the simulated relaxation timest i /t''2.5 is larger than ob-
Anthony J. C. Ladd
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served experimentally (t i /t''1). However it is in agree-
ment with the theory for a random microstructure.14

The simulated relaxation times show a slow but stea
increase with system size~Fig. 7!. In the vertical direction,
the simulated relaxation times are consistently larger than
experimental measurements. Assuming that the particle
tion is diffusive and that the suspension microstructure
random, it is possible to calculate the relaxation times
dilute suspensions theoretically.14 The overall scaling of the
relaxation times with system size is predicted to be prop
tional to AW for a random microstructure; this rather we
dependence, equivalent toN1/6 for a constant aspect rati
box, is consistent with the simulations~Fig. 7!.

The hydrodynamic dispersion coefficientsD5^U2&t are
plotted in Fig. 8. Once again, the data follows the theory
a random long-range microstructure (D } W3/2), rather than
showing evidence of a plateau value, which would be
pected if hydrodynamic screening were occurring. Thus
simulations strongly suggest that both the velocity fluct
tions and hydrodynamic diffusion coefficients diverge wit
out bound in homogeneous suspensions. It should be n
that, for the largest system studied (N532 768), the vertical

FIG. 6. Time-dependent velocity correlations. A typical set of velocity c
relation functions (a52.443,N57424), normalized by thet50 fluctua-
tions, are plotted vs reduced timet/t0 ~solid symbols!. The time scale
t05a/U0 is set by the time it takes an isolated sphere to fall a distanc
one sphere radius. The open symbols are experimental data at the
volume fraction.

FIG. 7. Variation in velocity relaxation times (t) with box size in a steadily
sedimenting suspension. The solid line is the theoretical scaling (} W1/2) for
an equilibrium~most probable! distribution of spheres.14 The symbols have
the same meaning as in Fig. 5.
Phys. Fluids, Vol. 9, No. 3, March 1997
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diffusion coefficient has already exceeded the experime
data by a factor of 2. As will be seen in the next section, o
results rule out the possibility of a bulk hydrodynam
screening mechanism. It therefore seems that the experim
tal results can only be explained by explicitly including th
effects of the container walls.

E. Structure

Significant changes in the short-range microstructure
induced by the sedimentation process. A comparison of
correlations for most-probable and steady-state sedime
tion microstructures is shown in Fig. 9. The large increase
pair correlations near contact is due to three-body hydro
namic interactions.3 At somewhat larger separation
5a,r,15a, the pair probability decreases more rapid
than for the most-probable distribution~see Fig. 10!, perhaps
by the mechanism suggested by Koch and Shaqfeh. H
ever, it appears that the correlation times for the 3-body
drodynamic interactions are not long enough to lead to s
ficient deficit for hydrodynamic screening.

The mass deficit in a spherical shell around a test part
can be expressed in terms of the pair correlation function

-

f
me

FIG. 8. Variation in hydrodynamic diffusion coefficients (D5^U2&t) with
box size in a steadily sedimenting suspension. The solid line is the theo
cal scaling (} W3/2) for an equilibrium ~most probable! distribution of
spheres.14 The symbols have the same meaning as in Fig. 5.

FIG. 9. Short-range pair correlations in a steadily sedimenting suspen
The steady-state pair correlation function from a typical sedimentation si
lation (a52.443,N57424) is compared with the pair correlation functio
for the most-probable~equilibrium! distribution of spheres at the same vo
ume fraction.
497Anthony J. C. Ladd



n

e
a
s
ar
1
-
r-
cc
o

ry
le

m

l-

h–

if
e
i-

g
n is
re

e

is-

n-
l to
be
ial

e
A

ld
r-
by

ily
be-
do
feh

nti
ng
ing
a
le

le
.

ma

Th
ion
ion

. The
en-
as a
n~r !5
N

VE0
r

@g~r 8!21#dr 8. ~12!

In Fig. 10 the mass deficit for a sedimenting suspensio
shown, relative to that for an equilibrium~most probable!
distribution of spheres,

Dn~r !5n~r !2neq~r !. ~13!

Results are shown for two different particle radii and thr
different system sizes for each particle radius. At small p
ticle separations (r,3a) there are quantitative difference
between the pair correlation functions for different size p
ticles, as can be seen by comparing the two plots in Fig.
However at large separations (r'10a) there are no statisti
cally significant differences in pair probability for the diffe
ent size particles. Thus we can have confidence in the a
racy of the long-range pair correlations in simulations
large numbers of small particles (a51.39).

In order to test the validity of the Koch–Shaqfeh theo
the mass deficitn(r ) has been determined at distance sca
larger than the expected screening length (l'10a at
f50.1); the results are shown in Fig. 11. There is so
mass deficit even for the most-probable~or equilibrium! dis-

FIG. 10. Integrated pair correlations for different size systems. The qua
n(r ) measures the average deficit in the number of particles surroundi
test sphere;Dn5n2neq is the difference between these quantities dur
steady-state sedimentation and for an equilibrium distribution. Results
plotted for different size systems as indicated in the figure; those on the
correspond to a particle radiusa51.39 and those on the right to a partic
radiusa52.443. The statistical errors are indicated by the vertical bars

FIG. 11. Long-range pair correlations in sedimenting suspensions. The
deficit, n(r ), is plotted for the largest simulated systemW'70a (a51.39
N532 768). The statistical errors are indicated by the vertical bars.
corresponding correlation function for the most probable distribut
neq(r ) is also shown, together with a sketch of the correlation funct
predicted by the Koch–Shaqfeh theory.3
498 Phys. Fluids, Vol. 9, No. 3, March 1997
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tribution of non-overlapping spheres,neq(r ), because of ex-
cluded volume effects. However, the large-r asymptotic
value of the deficit for the most-probable distribution is a
ways greater than21; at f50.1, neq(r→`)520.54. By
contrast, if there is hydrodynamic screening, then the Koc
Shaqfeh theory predicts thatn(r→`) is exactly21. If the
deficit is less than 1 particle or, in other words,
n(r→`).21, there will not be a complete screening of th
hydrodynamic interactions; the velocity fluctuations will d
verge with a coefficient proportional to 11n(r→`). Results
for n(r ) from a numerical simulation of 32 768 sedimentin
spheres are shown in Fig. 11. The pair correlation functio
qualitatively different from what would be expected if the
were hydrodynamic screening~shown by the dashed curve!.
It can be seen thatn(r ) is essentially constant in the rang
15a,r,35a; its large-r asymptotic value,
n(r→`)520.6, is close to that for the most-probable d
tribution.

The pair correlation function in a sedimenting suspe
sion is not isotropic; there is a preferred direction, paralle
the gravitational force. The orientational anisotropy can
characterized by the second Legendre polynom
P2(cosu), whereu is the angle betweenRi j and the gravita-
tional field:

n2~r !5E
0

r

g~r 8!P2~cosu!dr 8. ~14!

The quantityn2(r ), plotted in Fig. 12, is a measure of th
directional preference of the pair correlation function.
large-r asymptotic limit of20.5 would indicate that all pairs
were horizontal, whereas an isotropic distribution wou
haven250. Our results show a small but significant prefe
ence for a horizontal alignment of the pairs, as predicted
the Koch–Shaqfeh theory.3

V. CONCLUSIONS

We have computed pair correlation functions in stead
sedimenting suspensions out to large separations, well
yond the predicted screening length in Ref. 3. Our results
not show the mass deficit predicted by the Koch–Shaq

ty
a

re
ft

ss

e

FIG. 12. Angle-dependent pair correlations in sedimenting suspensions
average orientation of pairs of spheres relative to the direction of sedim
tation, as measured by the second Legendre polynomial, is plotted
function of r for a typical calculation (a52.443,N57424). The results
indicate a slight preference for horizontal pairs.
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theory. Although there are several possible sources of e
in these simulations, it seems unlikely that these qualita
conclusions would be altered by more accurate calculatio
On the other hand the indications of the beginning of a m
deficit in the isotropic pair correlation, together with the te
dency of pairs to orient themselves horizontally, suggest
the three-body hydrodynamic interactions in the Koc
Shaqfeh theory are essentially correct. The most likely r
son for the absence of the predicted mass deficit is tha
typical volume fractions~i.e, f.0.01) pairs of particles do
not exist long enough for the screening mechanism to o
ate. This leaves open the possibility that a very dilute, p
fectly monodisperse suspension could exhibit hydrodyna
screening, along the lines proposed by Koch and Shaq
This possibility could be tested by large-scale Stokesian
namics simulations.

The simulated velocity fluctuations and diffusion coef
cients closely follow the theory for random dispersions14 and
do not agree with experimental results, which show no s
tem size dependence in either the velocity fluctuations or
diffusion coefficients.2 These results suggest that oth
mechanisms must be uncovered to account for the exp
mental observations in Refs. 2 and 5.

From a computational point of view, the calculatio
represent an advance in the dynamical simulation of parti
fluid suspensions. Previous work9 was limited to samples o
about 100 particles. The lattice-Boltzmann method, wh
implemented on a parallel computer can now simul
10 000–100 000 particles, taking the full many-body hyd
dynamic interactions into account.
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