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This article describes a general instructional strategy designed to help
students in the learning process from textbooks and to furnish opportunities for
practice in critical reading. Students participate in cooperative learning by
breaking the class up into small groups—the Study Teams—and providing
them with worksheets and reading organizers, which organize the material into
small items that reﬂect the major concepts in the reading material on which
the study is focused. Some of the beneﬁts that this type of instruction with
Study Teams can produce are described.

1. Introduction
As mathematics teachers, we often voice complaints about our students’
reluctance to read their mathematics textbooks, or their diﬃculties solving word
problems due to poor reading skills. The typical mathematics student expects a
teacher to explain what the book says. He may read a chapter in a history text
and answer questions in the book without asking for any explanation; but in
mathematics, after the student reads the material the typical response is: ‘Fine, I
read it. But what does it mean?’
Mathematics is a language that can neither be read nor understood without
initiation. Students need to learn how to read mathematics, in the same way they
learn how to read a novel or a poem, listen to music, or view a painting. Both
a mathematics article and a novel are telling a story and developing complex
ideas. The greatest diﬀerence is that a mathematical article does the job with a tiny
fraction of the words and symbols used in a novel. In reading mathematics each
word or symbol is important because there are many thoughts condensed into a
few statements.
Mathematics is one area of the curriculum where traditionally, little reading
occurs. For a variety of reasons, students do not know how to study mathematics
[1]. Most of the time spent deliberately helping students learn to read focuses
on literary and historical texts. Mathematical reading (and for that matter, mathematical writing) is rarely expected, much less considered to be an important skill,
or one which can be increased by practice and training.
However, in a period of rapid technological change this situation is distressing
and dangerous as well. The author believes that the school of the future will have
to concentrate more on the relationship between people and knowledge than
on knowledge itself. Increased use of information technology has led to an increase
in the incidence with which quantitative information is presented in the printed
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media. There is a perceived need for citizens to be able to interpret such
information. The pressure for this has been felt more and more in mathematics
and science [2, 3].
In a time where there is a need for frequent adaptation of skills, it is generally
agreed that teachers must do more than just teach students a certain body of facts.
They are responsible for teaching students processes of thinking and learning
so that they have the ability to become increasingly self-directed and not depend
on the teacher [4]. In spite of advances in the electronic media the book still
remains the best place to ﬁnd and study a very large body of information. Current
software can advance the printed media, but not replace it.
Therefore, the ability for critical reading may well be more valuable to students
in the future than the actual topics that they study in the course. NCTM’s
Curriculum and Evaluation Standards for School Mathematics [5], emphasizes
the importance of reading skills for all students and points out the fact that they
will need speciﬁc instruction on how to read mathematical textbooks with understanding. ‘Assignments that require students to read mathematics and respond
both orally and in writing to questions based on their reading should be an integral
part of the 9–12 mathematics program’ (p. 142).
Cooperative learning has also been a subject of interest to researchers for the
past three decades, and many research ﬁndings indicate that cooperative learning is
an eﬀective tool for improving academic achievement [6–9]. At the K-12 school
levels, instruction using cooperative or collaborative learning techniques has
gained in popularity, and there is a substantial body of literature supporting the
idea that students can attain higher achievement, especially in mathematics,
through working together in groups [10–14].
Until now, however, there has been no speciﬁc eﬀort to focus on the importance of cooperative techniques designed to help students in reading mathematical
textbooks with understanding. A goal that should be a conscious part of our
teaching eﬀorts is to teach our students to read and understand mathematics.
This paper advocates this point of view. It presents a general instructional
strategy designed to help students in the learning process from textbooks and to
furnish opportunities for practice in critical reading. The author has used
this technique during regular classroom instruction with ﬁrst- and secondyear algebra students, and all experiences described occurred in these teaching
sections.

2. Instruction with cooperative Study Teams
The main idea of this strategy is that by participating in cooperative learning,
students are able to learn concepts, processes and techniques presented in
the textbook while working under the supervision of the classroom teacher.
The following instructional sequence can be implemented:
1.

Teacher introduces the unit to the class.
The unit may be a chapter section in an elementary mathematics textbook that
can be taught during one class period: for instance, the quadratic equation and the
nature of its roots. The teacher oﬀers a unit overview in the whole class, which may
include a general discussion about the unit objectives, a ﬁlm or other media
to generate excitement about the topic.
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2.

The whole class is divided into Study Teams.
The class is broken into groups of four or ﬁve students who constitute the
Study Teams. The members of each group work together at one time following
written instructions and are responsible for cooperating on learning tasks using
the mathematics textbook.
Each Study Team must be a heterogeneous or mixed ability group. With a little
planning, it is possible to have high, average and low-achieving students in
each Study Team. In this way it is possible to pair a marginal student with an
average or above average student for peer instruction and support, which will
assist the marginal learners in improving their learning and self-conﬁdence. Each
student can be given a colour team badge to enhance the collaboration spirit of
each team. Collaborative learning in the mathematics classrooms is a teaching
strategy that holds increased promise for improving the mathematical skills
and attitudes of students [15]. ‘Small groups provide a forum in which
students ask questions, discuss ideas, make mistakes, learn to listen to others’
ideas, oﬀer constructive criticism, and summarize their discoveries in writing’
[5, p. 79]. Each team also selects a recorder-reporter who is responsible for reports
to the whole class without mentioning any individual names in the report.
3.

Teacher distributes Study Team worksheets.
Each worksheet contains a list of reading organizers that tells the learners what
is important in each paragraph of the unit. The items on each sheet are questions
based on the main ideas, concepts, processes and generalizations found in the
unit. These items reﬂect the major concepts in the reading material on which the
study must be focused. There is approximately one reading organizer for each
paragraph. Appendix A presents a usable Study Team worksheet developed
from an algebra textbook chapter on quadratic equations. If a chapter divides
into ﬁve units, for instance, the teacher must prepare ﬁve worksheets and there will
be ﬁve Study Team sessions.
4.

Students learn concepts identiﬁed on the worksheet cooperatively.
In this session, students use the reading organizers to read paragraphs, point
out portions, discuss concepts, keep notes on diﬃcult areas, and agree on
responses. Students read the textbook reﬂectively using pencil and paper.
Rather than just keep on reading and waiting to see what the author’s explanation
is, they try to transform the content in such a way as to produce understanding.
The advantage is that group therapy and peer learning is achieved. Students feel
secure in the Study Team. Once the group has started its work then each member
knows that the group will assist if he or she gets stuck or has been absent and needs
information or did not understand something. Students can relate to one another
better than to an instructor, at least when none of them understands a concept. It is
fascinating to see the eﬀects of this approach on students. Once when the author
stopped to ask a member of a team if he needed help, he said: ‘Maria is helping
me!’ giving me a funny look as if to say ‘Go away’.
During the Study Team session the teacher moves among the groups organizing the class work, answering students’ questions, explaining what the symbols
mean, drawing out their ideas, giving suitable prompts and encouragement and
facilitating their work. The instructor feels he is working ‘with’ students instead
of ‘on’ them. The responsibility for working and learning becomes the students’,
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not the teacher’s. The students learn that a teacher helps to guide, but cannot
learn for them.
5.

Class discussion.
After the collaborative reading and learning guided by the worksheet the
teacher allows time for the whole class to discuss those areas that need clariﬁcation
involving students in a whole class discussion. The recorder from each team selects
the diﬃcult topics that the members have pointed out in their notebooks and asks
the teacher to clarify them. The discussion session helps the class to elucidate
key ideas and explain diﬃcult points eliminating the possibility that an incorrect
response has been given in the Study Teams. At this time, the teacher can
correct errors, expand concepts and give further explanatory information or short
demonstrations. At this session the teacher can also use supplementary materials
that may include diagrams, graphs, or restudy on the unit topic (ﬁgure 1).
After this discussion each member of the Study Team completes its worksheet.
A grade can be given to each student for completing the worksheet.
6.

Teacher distributes summary cards.
If students have really understood something they are expected to explain it,
and furthermore, requiring them to explain it helps them to understand the
information. Verbalizing and writing also improves the ability to recall and
organize information and serves as a powerful aid to learning [16].
Each member of the Study Team is given a 3  5 card and the students
are asked to write on it, in their own words, a brief summary of the main
points of the lesson. The students are encouraged to look at their textbooks and
answer the open-ended request: ‘What did I learn today?’ (ﬁgure 2). This
technique of writing on mathematics-related content helps students clarify and
develop their understanding of a speciﬁc topic, as when putting down ideas on
paper, they are faced with them and obliged to recognize their shortcomings.
A grade can be given to each student for completing the summary card.

QUADRATIC EQUATION AND THE NATURE OF ITS ROOTS
STANDARD FORM: ax2 + bx + c = 0 (a ≠ 0 )
DISCRIMINANT: D = b2 – 4ac

D>0
Two real unequal
roots
−b + D
x1 =
2a
−b − D
x2 =
2a

Figure 1.

D=0
One real double
root
−b
x=
2a

D<0
None real root

Conceptual diagram of the study unit.
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Today I learn that:
The standard form of a quadratic equation is:
ax2 + bx + c = 0 ( a ≠ 0 ).
The discriminant of a quadratic equation is: D = b2 – 4ac.
−b ± D
The quadratic formula is x =
.
2a
The discrimination sign determines the nature of roots.
Figure 2.

A student’s summary card.

7.

Students take individual tests.
Up to this point, the Study Team members have received identical grades
for the group work on worksheets or the summary cards. The individual unit test
is used to assess student mastery of the concepts. The test items should be based
on the reading organizer worksheets and include all facts, concepts, and skills
that are based on the unit as taught. This alignment between the unit as taught
and the evaluation of students’ outcome is important for slow learners and low
ability students. Appendix B presents a list of focused study items and the
corresponding evaluation items. Finally, each student receives a unit score based
on a weighed combination of the collaborative group work and the individual test
score.

3. Methodology
This article is a report on the experimental use of cooperative Study Teams in
four secondary mathematics classrooms. The experiment has been running
for three years (1999–2002), is integrated in an existing mathematics curriculum,
and has included approximately 100 students in grade levels 8–10.
The experiment took place at three urban secondary schools in Patras, Greece.
The student population was drawn from diverse socio-economic backgrounds
and approximately half of each class were girls and half were boys. Cooperative
learning skills such as positive interdependence, roles in a group, rules and
procedures were all reviewed before the lessons began. The study was conducted
two times a week during a 4-week period each time and covered a speciﬁc
mathematics unit.
Finally, the participants were asked to reﬂect in writing, on the totality of their
experiences at the conclusions of the teaching experiment. Students were asked
to reﬂect on statements about mathematics and they were challenged to articulate
their own perceptions of mathematics and their experiences with cooperative
Study Teams.
These reﬂections, and also their reactions to the seven instruction sessions,
were recorded in a class journal which circulated among the participants at the
end of all study items and the corresponding evaluation items. The journal was
returned to the author after two weeks. Since journal writing was new to the
students, it was discussed with them, focusing on the purpose of keeping a journal
and guiding them in the use of this activity [17].
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In order to help them to express their feelings, it was proposed that they reﬂect
on ﬁve items:
(1) How has cooperative Study Teams aﬀected your learning of mathematics?
(2) How do you feel about instruction with cooperative Study Teams in
math classes?
(3) What are the beneﬁts of cooperative Study Teams in math classes?
(4) How could this instruction strategy be changed to be more eﬀective?
(5) Would you like to continue this activity in mathematics?
Overall, the comments were very favourable and encouraging. Representative
student comments included:
‘It was great to get into mathematics a little. It broadened my horizons’.
‘I learned to value cooperative work. It was fun and made very interesting
by the instructor’.
‘Working in a group can sometimes be a challenge because it helps in putting
diﬀerent ideas into perspective and allows verbalization of results, which is
very helpful’.
‘This has been one of the most beneﬁcial courses I have taken’.
‘I learned to use the text as the source of facts and not to depend on the
teacher’.
‘The more work that we do with quadratics and factorization, the more
interesting it becomes. I never looked at math in such a way as we do now’.
‘I liked today’s class. I can’t believe we came up with a theorem all on our
own’.
‘. . . It’s too bad the experiment period is almost over’.
‘I felt . . . some sense of satisfactory and mastery. With help from another
classmate I solved the problem at the end of the session’.
‘You are broadened by new ideas, somebody else’s viewpoint. You’re able to
see more’.
‘For a moment we tried to solve the problem but we didn’t and then we read.
But our mistake was that we didn’t take a pencil and a piece of paper and
draw something’.
In addition, some weak students were interviewed before and after the sessions
to determine their background and past experience with mathematics, and to
allow them to express their feelings about mathematics.

4. Concluding remarks
The conclusions and comments expressed in the following come from reﬂecting on the author’s teaching experience and in an analysis of the comments
found in the journal writing of the many students who form the subject of the
study. This evidence shows the possibility of engaging students in small-group
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mathematical activities with the purpose of helping them in the learning process
from textbooks on mathematics-related content.
Certainly, we have not done a comparative analysis of these classes to see if
this teaching strategy makes a diﬀerence in how much students learn, but we are
convinced it helps. Without having provided conclusive evidence, we would
like at least to suggest the hypothesis that involving students in diﬀerent
study experiences could contribute in a complementary way to their learning of
mathematics.
Using this general instructional sequence, a single chapter can be taught in
ﬁve to eight instructional periods. However, many extensive activities can be
inserted between the several steps or some shortened or omitted. This depends
on the ability level of the class and the background of the members in each group.
We have found that the Study Team technique for learning from textbooks
is easily adaptable to all secondary mathematics classes whatever the grade level
but works best in mixed ability classes with a great number of low achievers
and anxious students.
The use of this type of instruction with Study Teams has several advantages.
(1) It can help motivate students because everyone is involved in discussing
and learning the material.
(2) Students are motivated to participate in meaningful reading and language
experiences, to identify important concepts and to think about the meaning
of these concepts.
(3) Study Team membership and peer tutoring give help to slow or disinterested students with poor mathematical backgrounds, bad experiences
in mathematics, and bad attitudes who seldom receive classroom recognition. Students who know that they can depend on other group members
to help and support do not feel the anxiety often experienced by those
who do not understand the work. The classroom environment is less
threatening, and anxiety is less likely to interfere with learning. Moreover,
the student who helps others experiences gratiﬁcation in giving.
(4) Students through Study Teams form new friendships and learn to appreciate diﬀerences in ability, diﬀerences in personal characteristics and
diﬀerences in opinion. The cooperative-learning attitude oﬀers a secure
environment for everyone to make a contribution. Each student feels
responsible for his/her own team performance and is rewarded for his/
her contribution.
(5) Students are taught to read mathematics textbooks critically with systematic note-taking, outlining the most important areas, making connections
between pictures, examples and diagrams, using pencil and paper and
trying to interpret what the author is describing with symbols and words.
This reading activity draws learners into the texts and encourages them
to raise questions, make connections and, in general, actively work out
meanings with the support of peers.
(6) Students also learn to use the text or their own summary as the source of
facts and not to depend on the teacher for this information. They are
expected to develop good study habits at their own level and prepared
for future self-study. The mere fact that class time is devoted to reading
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the textbook demonstrates to the students that the teacher values reading
as a learning activity.
(7) Their teacher is no longer seen as the authority that dispenses knowledge
to students, who merely absorb information. Instead, students become
important resources for one another in the learning process.

During the last three years since the author has used this technique in the
traditional classroom setting, most of the students have shown enjoyment in the
explanatory nature of the learning process and appreciated the opportunity to
work together rather than in silence on their own as in the traditional courses.
Students’ attitude, attendance, completion of assignments and willingness to
participate in class has improved. In particular, the so-called ‘poor’ and unmotivated students have shown extraordinary creativity.
However, in the author’s opinion, it is inappropriate to discuss or try to assess
and compare diﬀerent teaching methods or styles. Instead it should be more
fruitful to ask whether the method chosen works or not with that particular
instructor and that particular class and whether the method led to the goal set by
the particular teaching sequence. With regard to our case, it seems that the Study
Teams activities work well, that students learn their mathematics as well as
developing good habits for future action, and that they like the method. Most of
them are enthusiastic about trying something new and make an honest attempt to
carry out the assignments.
Other colleagues who may want to use similar techniques based on the principles discussed in this article must have in mind that in order to operate in this
way many students have to ‘unlearn’ habits built up over many years at school.
Students may come from schools or classes with preconceptions about how
they should behave in a mathematics class. The spirit of cooperation may be
alien to students who have been schooled in an environment where the teacher
carries the entire burden of the instruction and the students compete with one
another to rise to the top. Therefore, it is recommended that these ideas should
be continued for at least ﬁve courses before the students begin to accept them.
This approach seems to have great promise and, with minor revisions each
time, may challenge the near monopoly of the lecture as a principal means of
mathematics teaching.

Appendix A

DIRECTIONS:

Sample Study Team worksheet

READING GUIDE
Meet with your team to read from your textbook about
quadratic equations and the nature of their roots.
Use pencil and paper for note taking. Then discuss and write
down the responses to the following items.

QUADRATIC EQUATIONS AND THE NATURE OF THEIR ROOTS
(Pages_______)
1.

Is there a standard form for a quadratic equation? ______________________
If so, what is it? ____________________________________________________
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Describe the process of completing the square.
___________________________________________________________________
What is its purpose? ________________________________________________
___________________________________________________________________

3.

In terms of a, b and c, what is the discriminant, D?
___________________________________________________________________
___________________________________________________________________
What is the signiﬁcance of the discriminant? ___________________________
___________________________________________________________________
___________________________________________________________________

4.

Write the quadratic formula: x ¼
What is its use? ____________________________________________________

5.

Do all quadratic equations have two roots? ____________________________
Explain why or why not. ____________________________________________
___________________________________________________________________

6.

When are a quadratic equation’s roots rational and when are they irrational?
___________________________________________________________________
___________________________________________________________________

7.

Upon what does the nature of the roots depend? _______________________
___________________________________________________________________

8.

What is implied when D > 0? ________________________________________
When D ¼ 0? ______________________________________________________
When D<0? _______________________________________________________

Appendix B

Focused study items and corresponding test items.

QUADRATIC EQUATIONS AND THE NATURE OF THEIR ROOTS
FOCUSED STUDY ITEMS

TEST ITEMS

The standard form of a
quadratic equation is
(page . . . . . . . . . . . . )
..................

What are the a, b,c for the following quadratics:
i) 3x2  x þ 2 ii) x2  7 iii) x2  3x
......................................
......................................

The discriminant of a
quadratic is (page . . . )
..................

Compute the discriminant of the above
quadratics
......................................
......................................
......................................
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..................
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a) Find the roots of the equations
i) 2x2  x  6 ¼ 0
.............
.............
ii) t(3t  10) ¼ 25
.............
.............

.........................
.........................
.........................
.........................

b) The formula K ¼ nðn  3Þ=2 yields the
number of diagonals, K, in a polygon
of n sides. Find the number of sides of
a polygon having 54 diagonals.
......................................
......................................
The nature of roots
depends on (page . . . )
..................
..................

a) Find the value of the discriminant for each
of the following quadratic equations and
use it to tell how many real roots the
equation has.
D
N of real roots
2
x  3x þ 2 ¼ 0
..........
..........
x2  5x þ 4 ¼ 0
..........
..........
x2  7x þ 6 ¼ 0
..........
..........
x2 – 9x þ 8 ¼ 0
..........
..........
Can you ﬁnd the pattern? . . . . . . . . . . . . . . .
..................................
Explain, by the means of D, why this form
of quadratic equations have always real roots
..................................
..................................
Try to ﬁnd another general form, which would
give you quadratic equations which
have always real roots . . . . . . . . . . . . . . . . . .
..................................
b) Repeat the same work for the
following equations:
D
2x2  2x þ 1 ¼ 0
.........
5x2  4x þ 1 ¼ 0
.........
10x2  6x þ 1 ¼ 0
.........
.........
17x2 – 8x þ 1 ¼ 0

....
....
....
....
....
....

N of real roots
.........
.........
.........
.........

Can you ﬁnd the pattern? . . . . . . . . . . . . . . . . . . .
......................................
Explain, by the means of D, why this form
of quadratic equations have always no real roots.
......................................
......................................
Try to ﬁnd another general form, which would
give you quadratic equations which have
always no real roots . . . . . . . . . . . . . . . . . . . . . . .
......................................
......................................
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