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Dynamics of particle sedimentation in a vertical channel: Period-doubling
bifurcation and chaotic state a…
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The dynamics and interaction of two circular cylinders settling in an infinitely long narrow channel
~width equal to four times the cylinder diameter! is explained by direct computational analysis. The
results show that at relatively low Reynolds numbers~based on the average particle velocity and
diameter!, the particles undergo complex transitions to reach a low-dimensional chaotic state
represented by a strange attractor. As the Reynolds number increases, the initial periodic state goes
through a turning point and a subcritical transition to another periodic branch. Further increase in the
Reynolds number results in a cascade of period-doubling bifurcations to a chaotic state represented
by a low dimensional chaotic attractor. The entire sequence of transitions takes place in a relatively
narrow range of Reynolds number between 2 and 6. The physical reason for the period-doubling
transitions is explained based on the interaction of the particles with each other and the channel
walls. The particles undergo near contact interactions as settling in the channel. To accurately
capture the dynamics, the computational method requires accurate resolution of the particle
interactions. The computational results are obtained with our lattice-Boltzmann method developed
for suspended particles near contact. The results show that even in the most simple and ideal
multiparticle sedimentation, the system undergoes transition to complex dynamics at relatively low
Reynolds number. ©2003 American Institute of Physics.@DOI: 10.1063/1.1571825#
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I. INTRODUCTION

It is well known that interaction of particles suspend
in fluid plays an important role in particle dynamics. At ze
and low Reynolds number limits, this problem has been
vestigated extensively,1–4 including sedimentation in the
Stokes regime. For small but finite Reynolds number, per
bation methods are used to determine the weak effect
inertia.5–7 However, when the Reynolds number is not sm
the nonlinear effects of the fluid inertia and the solid parti
inertia on the flow are not well understood. Direct compu
tional methods have been demonstrated to be effectiv
investigating this complex problem.8–14

It has been shown that the basic mechanisms that co
the motion and interactions of spherical objects sedimen
in a vertical channel are associated with wakes and turn
couples.15 The sedimentation of circular cylinders consider
in this study is also investigated by Hu, Joseph, and Croc8

and Feng, Hu, and Joseph,15 from now on referred to as
Josephet al. Through experiments and direct numeric
simulations, Josephet al. have found the trajectory of th
particles at low and high Reynolds numbers~Re! with
damped oscillation at low Re and an irregular unsteady m
tion, they termed ‘‘drafting-kissing-tumbling’’ at high Re
The dynamical characteristics of this system, as Re incre

a!This paper was originally presented as part of the Dan Joseph Sympo
on Multi-Component and Multiphase Fluid Dynamics, in conjunction w
the 14th U.S. National Congress of Applied Mechanics at Virginia Te
Blacksburg, VA, 24–28 June 2002.

b!Author to whom correspondence should be addressed.
1611070-6631/2003/15(6)/1612/10/$20.00
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from zero, has not been explored in the past. To gain be
fundamental understanding of particle sedimentation, we
vestigate the particle and flow behavior as the Reyno
number increases.

We use the lattice-Boltzmann method for the dire
analysis of solid particles suspended in fluid.16–22 By com-
bining Newtonian dynamics of the solid particles with
lattice-Boltzmann model of the fluid, the motion of the pa
ticles and the flow field can be simulated efficiently and a
curately. An advantage of the lattice-Boltzmann method
that the numerical operations can be easily distributed o
parallel processors due to the local nature of the time ev
tion operator. The result presented in the following sectio
is based on the ALD822 method, which is the same as th
ALD20 method with the addition of virtual boundary node
to accurately capture the lubrication forces when the part
separation is smaller than a lattice length unit. This meth
will allow accurate capture of the physics of the particl
near contact without the need to use an excessively large
system.

The outline of the problem and the parameters in
physical and computational space are provided in Sec
The initial transition from steady state to periodic state a
the transition route to a low-dimensional chaotic state
outlined in the following sections with the last section focu
ing on the discussion and conclusions.

II. THE PROBLEM DESCRIPTION

In this study, the motion and interaction of two particl
during sedimentation in a two-dimensional channel is c

um

.,
2 © 2003 American Institute of Physics
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1613Phys. Fluids, Vol. 15, No. 6, June 2003 Dynamics of particle sedimentation
sidered. Two circular cylinders of diameterd and particle–
fluid density ratioa5rp /r f51.002 (rp andr f are the par-
ticle and fluid density, respectively! are released in a vertica
channel of widthL54d to settle under a constant force, su
as gravity, as shown in Fig. 1. Two types of initial conditio
are used in this study. In the first type the particles are
leased in the vertical channel with zero initial velocity. T
initial position of the particles is midway between the ce
terline of the channel and the sidewall, while one particle
2d above the other. In other words, att50, the particles are
located aty15y25d anddx5x12x252d. The second type
of initial condition and the reasons for it will be discussed
Sec. IV.

The particle Reynolds number is defined as

Re5
Ud

n
, ~1!

and the Froude number is defined as

Fr5
U2

gd
, ~2!

wheren is the kinematic viscosity,g is gravity, andU is the
average terminal velocity~at equilibrium state! of the leading
particle. The terminology ‘‘equilibrium state’’ is used in th
paper in the context of dynamical systems where the in
transients are passed and the system has reached a
attractor. The ratioG[Re2/Fr is then independent of the ve
locity U, that is

G5
Re2

Fr
5

d3g

n2 . ~3!

Computational results using a finite element method
solve the continuum equation for the system are given
Josephet al. at Re5100,8 and at Re52.87.15 Their simula-
tions show that at Re5100 the trailing particle approache
the leading one; jointly, the particles enter into a damp
oscillation without contacting each other. On the other ha
at Re52.87 the particles reach steady state through dam

FIG. 1. Problem description and notations used in the calculation of
motion and interaction between two solid particles setting in a channel
Downloaded 07 Apr 2008 to 170.140.161.29. Redistribution subject to AIP
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oscillation of the initial transients. This system represent
simple and ideal sedimentation process in a confined ch
nel. It is, therefore, important to understand the mechan
of transition to unsteady state as the Reynolds number
creases. Because particles repeatedly come into near co
with each other during the sedimentation, this problem
also an ideal candidate for application and evaluation of
ALD 8 lattice-Boltzmann method.22

In order to explore the dynamics and the physics of t
two-particle sedimentation system, the particle behavior
the range of Reynolds numbers from 2 to 6 has been
plored. With the advantages of the computational meth
presented in Ref. 22, a relatively small number of latt
nodes are needed in these simulations. The typical size o
computational domain isd532 andL3H51283800 lattice
units. The infinitely long channel is simulated with the fini
computational domain moving with sufficiently long sectio
of the fluid channel upstream and downstream of
particles.20 The leading particle is always 10d from the bot-
tom of the computational domain where zero velocity is a
plied uniformly. The top of the computational domain, whe
the stress-free boundary condition is applied, is always 1d
downstream of the leading particle.

The particles are driven by external force,f e , which
may include gravity and any other force on the particle in
vertical direction. If only gravity is included, for a circula
cylinder in a vertical channel, the net external force~per unit
length! is

f e5
p

4
d2~rp2r f !g. ~4!

The dimensionless force,F, is defined as

F5 f ed/r fn
2. ~5!

From Eqs.~3!–~5! the external force, written as

F5
p

4
G~a21! ~6!

can also be thought of as gravity based Reynolds numbe
In order to explain the procedure for setting up a phy

cal problem in the lattice-Boltzmann simulations, let us co
sider a physical system where the viscosity of fluidis ns

50.01 cm2/s, the diameter of the circular cylinder isds

50.2 cm, gravity isgs5980 cm/s2, and the density ratio is
a51.002. Variables based on the physical quantities are
fined by subscript,s. The ratio G for this system can be
obtained from Eq.~3! to be G578 400. Hence the dimen
sionless external force, from Eq.~6!, is F5123.15.

In lattice-Boltzmann simulation we setd532 lattice
units,r f51.0, a51.002, andn51/4. Then considering tha
the value ofF, being the nondimensional parameter in t
problem, should be the same in the continuum and
lattice-Boltzmann systems, from Eq.~5! we find that the ex-
ternal force in the lattice-Boltzmann scale for simulating th
physical system should be

f e5
Fr fn

2

d
5

123.1531.031/16

32
'0.24.
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1614 Phys. Fluids, Vol. 15, No. 6, June 2003 C. K. Aidun and E. Ding
This example is provided to demonstrate the scaling betw
the dimensional and the numerical variables. The key is
the dimensionless parameter, in this case the force or
gravity-based Reynolds number, must remain the same.

III. TRANSITION FROM PRIMARY BASE STATE TO
PERIODIC STATE THROUGH HOPF BIFURCATION

For dimensionless forceF5131.41, corresponding to
the particle Reynolds number Re52.539, the motion of the
particles are represented in Fig. 2. As stated earlier,
length and time are scaled byd andd2/n, respectively. Once
released from rest, the two particles draft to the right wall
they settle inside the channel. The leading particle then f
along the right wall, while the trailing particle drafts back
the left wall and then the particles enter a damped oscillat
This result is similar to that obtained in previous studies
Re52.87.15 In this study we fix the density ratio, such th
a51.002, while in Ref. 15 the target Reynolds number
obtained by varying the density of the solid particle. Sin
the value for the density ratio at Reynolds number
52.87 used for calculation in Ref. 15 is not available,
direct quantitative comparison is not possible.

Starting from rest atF5131.41, the two particles oscil
late with very small amplitudes. In the phase space, c
structed by the distances between each particle and the
wall, i.e., y1 /d and y2 /d, the attractor at this Reynold
number is a small limit cycle. The difference,sl , between
the maximum and minimum values ofy2 /d of the limit cycle
is defined as the size of the limit cycle. WhenF5131.14, the
size is about 0.02. This periodic state is very close to the b
steady state, therefore, the streamlines are almost statio
as shown in Fig. 3. A flow circulation zone is produced as
cylinders rotate clockwise. The rotation of the leading cyl
der seems to be rolling up the right wall. The trailing cyli
der experiences a disturbed stream on its right side and
tates in the asymmetric flow on both sides. The rotatio
influence the staggered structure by inducing a Magnus
fect on both cylinders. It is the Magnus effect that balan
the wall repulsion and the interparticle repulsion, and ma
tains the nearly stable configuration.

When the value of the external force decreases fromF
5131.41, the size of the limit cycle deceases, as show
Fig. 4. The results from simulations for 124,F,132 show
that the size of the limit cycles decrease rapidly asF de-
creases. The smallest size of the limit cycle obtained in
simulation issl50.007 whenF5124.3 and Re52.42. These
results, presented in Fig. 4, strongly suggest that a Hopf
furcation occurs at aroundF5124.

IV. MULTIPLE STABLE STATES

In order to be able to compute solution branches that
through turning point transitions, the second type of init
condition which involves stepwise marching over a solut
branch in small increments of Re~or F) is used. This is
somewhat similar to branch tracing using continuation me
ods. Continuation of the solution on the primary~lower! pe-
riodic branch leads to a turning point at aboutF5145 ~see
Fig. 5!. This leads to an unstable periodic branch~not shown
Downloaded 07 Apr 2008 to 170.140.161.29. Redistribution subject to AIP
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-in Fig. 5!, a second turning point atF5135, and a second
stable periodic~upper! branch, as presented in Fig. 5. It
interesting to note that this simple particle sedimentation s
tem has two stable states in the range of 135,F,145. In

FIG. 2. Positions of the particles during sedimentation in a channel at R
nolds number Re52.539 whenF5131.41. Length and time are scaled byd
and d2/n, respectively.~a! Horizontal position,~b! vertical distance,dx
5x12x2 , and~c! particle snapshots with a 0,1 time interval.
 license or copyright; see http://pof.aip.org/pof/copyright.jsp



ca
n

a
hr
ch
e

e

r

this

is
al
the
er

ere
y-

-

mit

this

right
2.55,

1615Phys. Fluids, Vol. 15, No. 6, June 2003 Dynamics of particle sedimentation
other words, in this range of the parameter the particles
follow two different trajectories as settling inside the cha
nel.

The limit cycles for several different values of extern
force between 125 and 143 are presented in Fig. 6. The t
limit cycles labeled as 1, 2, and 3 are from the lower bran
while the other two, that is 4 and 5, are from the upp
branch.

It is interesting to consider the dependence of the siz
the limit cycle on the parameter,F, in order to explore any
potential fundamental scaling characteristics.

For the lower branch, the centers of the limit cycles a
located aroundy1 /d'3.3 andy2 /d'1.6. The relation be-

FIG. 3. Streamlines in the channel at Reynolds number Re52.539 when
F5131.41.
Downloaded 07 Apr 2008 to 170.140.161.29. Redistribution subject to AIP
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tween the Reynolds number and the external force on
branch is given by

Re50.027F21.011 if 120,F,143.

The maximum size of the limit cycle in the lower branch
about s50.3 at F5142.8. Further increasing the extern
force, the system falls inside the domain of attraction of
upper branch. A typical example of the attractor on the low
branch is shown by the cycle numbered 2 in Fig. 6, wh
the external force isF5140.8 and the corresponding Re
nolds number is Re52.800. The maximum and minimum
values ofy2 /d of this limit cycle are 1.690 and 1.536, re
spectively, and the size of the limit cycle iss50.154.

For the upper branch, however, the centers of the li
cycles are aroundy1 /d'3.1 andy2 /d'1.9. The relation
between the Reynolds number and the external force on
branch is given by

FIG. 4. ~a! The limit cycles for Reynolds number around Re52.5. The
dimensionless external forces corresponding to these limit cycles, from
to left, are 124.30, 124.59, 125.16, 126.58, 128.24, 130.84, 131.41, 13
133.69, and 135.11, respectively.~b! The size of the limit cycle vs the
external force. A Hopf bifurcation is predicted at aroundF5124.
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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1616 Phys. Fluids, Vol. 15, No. 6, June 2003 C. K. Aidun and E. Ding
Re50.029F21.173 if 133,F,150.

The minimum size of the limit cycle on the upper branch
abouts51.0 whenF5133. Further decreasing the extern
force below 133, the system falls in the domain of attract
of the lower branch.

V. PERIOD-DOUBLING BIFURCATIONS

The upper periodic branch remains stable asF is in-
creased up to about 153. For example, whenF5147.91 the
Reynolds number is Re54.216. The attractor and the pow
spectrum density ofy2(t) are shown in Figs. 7~a! and 7~b!,

FIG. 5. The relation between external force and Reynolds number sho
hysteresis between two coexisting attractors is found.

FIG. 6. The attractors in phase space.~1! F5125.16, Re52.426; ~2! F
5140.80, Re52.800; ~3! F5142.79, Re52.861; ~4! F5133.79, Re
53.742; ~5! F5142.79, Re53.988. The first three attractors belong to th
‘‘lower periodic branch’’ while the last two belong to the ‘‘upper period
branch.’’
Downloaded 07 Apr 2008 to 170.140.161.29. Redistribution subject to AIP
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respectively. The peak in the power spectrum is atf
50.565, representing the fundamental frequency of the s
tem. The period,T, of the oscillation, isT51/f 51.77~recall
time is scaled byd2/n).

Further increasing the external force toF5156.44, cor-
responding to Re54.320, the particle trajectory in the phas
space shown in Fig. 8~a!, and its power spectrum density i
Fig. 8~b! show a different behavior. The largest peak af
50.588 is close to the base state frequency, while the n
largest peak at 0.5f 50.294. Further analysis shows that
aboutF5153, corresponding to Re54.284, the upper peri-
odic branch~period-1 branch! undergoes period-doubling bi
furcation, that is a sudden qualitative transition to a n
equilibrium state~period-2!.

ng

FIG. 7. ~a! Trajectory of the circular cylinders in phase space, expanded
horizontal positions of two particles. External force isF5147.91 and final
Reynolds number is Re54.216. The equilibrium state is represented by
stable limit cycle. ~b! Power spectrum density of signaly2(t) at Re
54.216. The largest peak is atf 50.565, related to the fundamental tim
period of the limit cycle.
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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1617Phys. Fluids, Vol. 15, No. 6, June 2003 Dynamics of particle sedimentation
The transition from period-1 to period-2 takes place
about Re54.284. In order to gain insight into the physics
this transition, the attractors at Re54.284 and Re54.285 are
compared in Fig. 9 to construct and examine the charac
istics of the destabilizing disturbance mode. The trajector
Re54.284, before the transition, is a period-1 limit cyc
where at Re54.285, the trajectory is a period-2 limit cycle
The deviation of the trajectory of the leading particle b
tween period-1 and period-2 states is much larger than
deviation in the trajectory of the trailing particle. Relative
the period-1 limit cycle at Re54.284, the first~second! half
of the period-2 limit cycle at Re54.285 shifts slightly to the
left ~right!. The snapshots of the particle configurations
shown in Fig. 10. The periods of the motion before and a

FIG. 8. ~a! Period-2 orbit of the circular cylinders in phase space. Exter
force isF5156.44 and the final Reynolds number is Re54.320.~b! Power
spectrum density of signaly2(t) at Re54.320. The largest peak is atf
50.588, related to the fundamental frequency of the base state, while
other peaks atf /250.294 and 3f /250.882 are related to the period double
state of the system.
Downloaded 07 Apr 2008 to 170.140.161.29. Redistribution subject to AIP
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the bifurcation areT151.755 andT253.507'2T1 , respec-
tively.

In order to examine the physics of the transition, w
examine the net and accumulated force on the part
through various segments of the trajectory in one period.
us definet0 such that att5t0 the trailing particle is at its
leftmost position~i.e., maximumy2) in the cycle. Dividing
the periodT1 into 24 equal time increments, the snapshots
the end point of every time increment are shown in F
10~a!. The number in Fig. 10~a!, n, corresponding to each
snapshot, is related to time such thatn524(t2t0)/T1 . Simi-
larly, the period-2 limit cycle is divided into 48 equal se
ments, wheren548(t2t0)/T2'48(t2t0)/2T1 represents
the numbered snapshots in Fig. 10~b!. The difference be-
tween T2 and 2T1 is very small, that is negligible. Fo
period-2 limit cycle, numbers from 0 to 24 are for the fir
half cycle and numbers from 25 to 48~same as position 0!
are for the second half of the cycle. Since the limit cycle w
these two Reynolds numbers are very close to each other
corresponding snapshots for the two limit cycles almost
incide. For example, the configuration at snapshots 3 and
in the period-2 orbit is very close to the snapshot 3 in
period-1 orbit.

The horizontal component of the force~scaled by
d/r fn

2) on the leading particle,F1(Re ,t) andF2(Re ,t), are
calculated at Re54.284 and Re54.285, respectively, and
their difference,d f (t)5F2(4.285,t)2F1(4.284,t), as well
as the accumulated quantity,I (t)5* t0

t d f (t)dt, are computed

and presented in Fig. 11. The ‘‘net force’’ in the first ha
cycle, I (T1), is positive, driving the leading particle to th
right. However, in the second half cycle the ‘‘net force’’ o
the leading particle,I (2T1)2I (T1), is negative, driving the
leading particle to the left. From Fig. 11~a! it is clear that the
positive and negative net forces are mainly the contribut
during the time the trailing particle is closest to the rig
wall, and therefore, to the leading particle. It is clear fro

l

he

FIG. 9. The comparison between the limit cycles before and after the b
cation. The numbers on the cycles show the equal time intervals in
period-1 limit cycle. Notice that the scale at abscissa is different from F
7~a! and 8~a!, in order to make visible the two almost overlapped orbits.
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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1618 Phys. Fluids, Vol. 15, No. 6, June 2003 C. K. Aidun and E. Ding
this analysis that the interaction of the two particles po
period-doubling bifurcation results in overshoot and then
dershoot of the particle relative to their trajectory pr
bifurcation point.

Bifurcations to period-4 and period-8 attractors ta
place at F5162.42 (Re54.409) and F5163.50 (Re
54.431), respectively. These limit cycles and power spe
for each are presented in Figs. 12 and 13. The faith of
system as Re~or F) increases is now predictable. This for
of period-doubling bifurcation continues to occur at decre
ing and eventually infinitesimally small increments of t
relevant parameter at the onset of a low-dimensional cha
state.

VI. THE CHAOTIC DYNAMICS

As Reynolds number increases further, the motion
comes more complex and non-periodic. At Reynolds num

FIG. 10. The snapshots of the particles in period-1 and period-2 states~a!
Re54.284, before the bifurcation; numbers by the third and fourth colum
correspond to the numbers in Fig. 9. The time interval between two suc
sive snapshots is 0.0732, or 1/24 of the period. The three left columns
the initial transient motion, and the four columns on the right-hand side
two complete periods at equilibrium state.~b! Re54.285, after the bifurca-
tion; the time interval between two successive snapshots is also 0.073
1/48 of the period. The three left columns are the initial transient motion
the four columns on the right-hand side are a complete period at equilib
state. The motion of the particles in both states appears identical bec
both are very close to the bifurcation point.
Downloaded 07 Apr 2008 to 170.140.161.29. Redistribution subject to AIP
t-
-

-

ra
is

-

tic

-
er

Re55.181, the trajectory in the phase space and its po
spectrum density, shown in Fig. 14~a!, suggest existence of
chaotic attractor. The power spectrum density for this attr
tor is shown in Fig. 14~b!. The broadband noise is typical o
a low-dimensional chaotic motion of the system.

To better characterize the attractor, a return map
generated at sectionAB, identified in Fig. 14~a!. The
two end points A and B are defined by (y1 /d,y2 /d)
5(0.946 25,1.678 25) and (y1 /d,y2 /d)5(1.906 25,
1.678 25), respectively. As long as the trajectory interse
the section from below, the value ofy1 /d is recorded in the
return map. A series of signals,y1

(n)/d with n51,2,..., are
then obtained. By this series of signals a return map can
constructed by successive intersections of projected fl
with the segmentAB. The result is a one-dimensional bimo
dal map, as shown in Fig. 15. The narrow bandwidth of

s
s-
re

re

or
d
m
se

FIG. 11. The cross-stream component of the force on the leading par
wheren is proportional to time~see the text and Fig. 10!. ~a! The net force,
d f (t), varies with time.~b! The integrate of net force,I (t), is positive in the
first half cycle, and negative in the second half cycle.
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1619Phys. Fluids, Vol. 15, No. 6, June 2003 Dynamics of particle sedimentation
map demonstrates a low-dimensional chaotic attractor.
like typical sub-harmonic bifurcations to chaotic state sho
ing a unimodel return map, this case shows a more com
bimodal map where the correlation dimension must be co
puted numerically.

The correlation dimension of the strange attractor is c
culated by taking the single scalar functiony1(t) of the sys-
tem state and reconstructing the dynamics in
m-dimensional space using the delay-coordin
technique.23–25 Denotingm-dimensional vector

X j5~y1~ t j !,y1~ t j 11!,...,y1~ t j 1m21!!,

wheret j5t01 j Dt, the distance between two vectorsX i and
X j is defined by

uX i2X j u5 max
0<k,m

uy1~ t i 1k!2y1~ t j 1k!u.

FIG. 12. ~a! Period-4 orbit of the circular cylinders in phase space. T
external force isF5162.42 and the final Reynolds number is Re54.409.~b!
Power spectrum density of signaly2(t) at Re54.409. The highest sharp
peak is atf 50.616, related to the basic frequency, while the lower peak
f /250.308 and 3f /450.462 are related to the doubled period of motion.
Downloaded 07 Apr 2008 to 170.140.161.29. Redistribution subject to AIP
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Assuming that there are a total numberN of vectorsX j in the
m-dimensional space, the total number of pairs of vect
with distance less thand is

Nd5(
j 51

N

(
i 5 j 11

N

Q~d2uX i2X j u!,

whereQ(x) is the Heaviside step function defined asQ(x)
50 for x<0 andQ(x)51 for x.0. By measuring the slope
of logNd vs logd whenN is large enough, presented in Fi
16, the correlation dimensionD2'2 is obtained. The corre
lation dimension provides fundamental characterization o
strange attractor. The time series of them-dimensional vec-
tor, X j , reflects the nature of the chaotic behavior of t
system. The correlation dimensionD2'2 here implies that
by using a three~or higher!-dimensional space with coordi

t

FIG. 13. ~a! Period-8 orbit of the circular cylinders in phase space. T
external force isF5163.50 and the final Reynolds number is Re54.431.~b!
Power spectrum density of signaly2(t) at Re54.431. The highest sharp
peak is atf 50.6188, related to the basic frequency, while the lower peak
f /250.3094, 3f /450.4641, and 5f /850.3868 are related to the double
period of motion.
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nates (y1(t1 j Dt),y1(t1( j 11)Dt),y1(t1( j 12)Dt)) to
represent the time series, the set of solution points will res
in a two-dimensional space.

VII. SUMMARY AND CONCLUSIONS

The structure of various attractors representing the
drodynamic system is summarized in Fig. 17. When
52.56, the particle trajectories are such that the leading
ticle is always on the right side of the trailing particle (y2

,y1). As Reynolds number increases, the position of
attractors moves to a location with smallery1 and largery2

(y2.y1). That is, the leading particle moves further aw
from the right wall, while the trailing particle moves clos
to the right wall. At about Re54.5, the two particles ex
change their final position, with the leading particle settli
on the left of the channel while the trailing particle follow

FIG. 14. ~a! Trajectory of the circular cylinders in phase space. Final R
nolds number is Re55.181. The complex motion suggests the existence
strange attractor. The heavy solid line is the location of the section whe
return map is generated.~b! Power spectrum density of signaly2(t) at Re
55.181. The broadband noise spectrum is due to the chaotic nature o
tion.
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on the right side. Obviously, the chaotic attractor, represen
in Fig. 17, has a mirror image on the other quadrant of
phase space by simply exchanging the two particles~i.e.,
y185y2 andy285y1).

It has been known from previous studies that the int
action of two solid circular cylinders settling in a two
dimensional vertical channel results in qualitatively differe
settling behavior as Re varies.8,15 The results presented i
this work show that the steady state at low Re becomes
stable at a critical Re giving rise to a Hopf bifurcation a
being replaced by a time periodic state. As Re increases
first periodic branch undergoes a turning point leading to
unstable branch with a second turning point giving rise t
second stable periodic branch. Further increasing the R
nolds number, the second stable periodic~upper! branch goes
through period-doubling bifurcations. A cascade of perio-

a
a

o-

FIG. 15. Return map constructed by successive intersections of proje
flow with section, identified in Fig. 14~a!. The return map is bimodal.

FIG. 16. Calculation of the correlation dimensionD2 of the strange attrac-
tor. The embedding dimension used for the present calculation is, from
to right, 2, 3, 4, 5, 10, 20, 30, 40, and 50, respectively.
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doubling bifurcations occurs leading the system to a l
dimensional chaotic state characterized by a strange attra

The high level of numerical accuracy provided by t
ALD 8 lattice-Boltzmann method22 has made it possible to
compute the particle trajectories over long time periods,
consequently to find the precise nature of the system’s
namics.
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